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NONCIRCULAR GEARS

Noncircular Gears: Design and Generation represents the extension of the modern theory of gear-
ing applied to the design and manufacture of the main types of noncircular gears: conventional and
modified elliptical gears, eccentric gears, oval gears, gears with lobes, and twisted gears. This book
is enhanced by updated theoretical descriptions of the methods of generation of noncircular gears
by enveloping methods similar to those applied to the generation of circular gears. Noncircular
Gears: Design and Generation also offers new developments intended to extend the application
of noncircular gears for output speed variation and generation of functions. Numerous numerical
examples show the application of the developed theory. This book aims to extend the application
of noncircular gear drives in mechanisms and industry.
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To my followers:

When I’ll be very far,

And look at you from a twinkling star,

I’ll whisper (will you hear?)

I love you, my very dear.

faydor l. litvin
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Foreword

Noncircular gears (NCG) have been considered a curiosity and a product of niche
applications for a long time because of their design and manufacture complexity.
However, thanks to the availability of powerful computers and sophisticated CNC
machine tools, the design and manufacturing of NCG became more feasible and
their potential in many fields can be more easily exploited.

NCG are used to improve the function, versatility, and simplicity of many me-
chanical processes. For instance, they allow speed matching on assembly lines, lin-
ear motion with quick return, and stop-and-dwell motion. Very recent publications
highly respected scientific journals show that the interest in NCG is still very strong,
for both the theoretical and manufacturing challenges involved, especially in today’s
high-performance automatic machines.

In this context, this book on NCG is very welcome. It covers all the basic is-
sues of NCG and shows how to solve most of the key problems in NCG design and
manufacturing. It clearly presents the foundations of this topic, very useful to the be-
ginner, as well as new and advanced concepts of great importance to both scientists
involved in research issues and skillful designers facing NCG sizing and manufac-
turing. In particular, the book represents the most comprehensive and authoritative
treatise on NCG available today for scientists and designers. When complemented
with a recently published book, Gear Geometry and Applied Theory (2nd ed.) by
F. L. Litvin and A. Fuentes (Cambridge University Press, 2004), which provides the
fundamentals of all types of gears, the whole field of the theory and applications of
gears is covered.

This book on NCG is a bridge between the past and the future of this advanced
topic, representing the extension of the existing theory of gearing as it has been
developed by Prof. Litvin and his co-authors. In particular, the main contributions
of the book can be summarized as follows:

(a) A new algorithm is presented for generation of a given function by any number
of gear pairs. It allows more favorable shapes of gear centrodes to be obtained.
The analytical solution of this topic did not exist previously.

xi
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xii Foreword

(b) Design of many types of noncircular gear drives comprising conventional and
modified elliptical gears, eccentric circular gears, oval gears, gears with lobes, or
internal noncircular gears is covered and their methods of generation by rack
cutter, hob, or shaper presented.

(c) New approaches for the analytical design of centrodes are presented, such as
modified elliptical centrodes applied for external and internal gear drives. Most
of the transmission functions are represented analytically, allowing conditions
for avoiding undercutting and interference to be obtained.

(d) Finally, tandem design as a combination of a linkage and a gear drive with NCG,
as represented in the book, extends the possibility of variation of the output
velocity.

Of Prof. Litvin’s life and scientific activity much has been said. In particular,
after the most striking sentence reported by John J. Coy (Mechanism and Machine
Theory, Vol. 30, n. 3., pp. 491–492, 1995) in celebration of the eighty-year milestone
of Prof. Litvin, which enlightens his extraordinary personality, not too much remains
to be added. Indeed, Dr. Coy reported: “At the time when most people are content
to put up their feet and rest, Dr. Faydor Litvin has other things he would rather
do. . . . He is always quick to thank others for their inspiration and support. He is
grateful for the health and vigor that has enabled his continued contribution.” Now,
at the age of 95, he and his co-authors present this new and needed book.

I am not the first to believe that Prof. Litvin is an exceptional scientist and a
talented man. He faced the writing of this book with the enthusiasm of a young
researcher preparing his first paper, but with the wisdom and high depth of this
respectable age spent studying and advancing the modern theory of gears.

The reader will be happy and soon fascinated by this book, and will certainly
owe Prof. Litvin and his co-authors for such a remarkable piece of work.

Prof. Vicenzo Parenti-Castelli
University of Bologna, Italy
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Preface

The book is written by a group of authors united by application of the same method-
ology and experience of cooperation for a long time. The contents of the book cover:

(1) Methods of generation of noncircular gears by enveloping methods that are sim-
ilar to those applied for generation of circular gears. However, the motions of
the generating tools (rack cutter, shaper, or hob) are nonlinear and must be
computerized.

(2) Design of noncircular gears to be applied for variation of output speed and gen-
eration of functions. Such a design requires determination of mating centrodes
that roll over each other.

(3) Detailed procedure of design of elliptical gears with spur and helical teeth, oval
gears, lobes, eccentric involute gears, and twisted gears (applied for extension
of the interval of function generation).

(4) Tandem design of planar linkages coupled with noncircular gears for a broader
variation range of the output speed.

The authors hope that this book will allow extension of application and design
of noncircular gear drives in mechanisms and industry.

Faydor L. Litvin
Alfonso Fuentes-Aznar
Ignacio Gonzalez-Perez

Kenichi Hayasaka
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1 Introduction to Theory of Gearing, Design,
and Generation of Noncircular Gears

1.1 Historical Comments

Designers have tried for many years to apply noncircular gears in automatic ma-
chines and instruments. The obstacle was the lack of effective methods of genera-
tion of noncircular gears similar to those applied for the generation of circular gears.
However, researchers have continued the investigation of application of noncircu-
lar gears – see the earlier works by Burmester (Burmester, 1888), Golber (Golber,
1939), Temperley (Temperley, 1948), or Boyd (Boyd, 1940) – and manufacturers
have intensified their efforts for improvement of the generation of noncircular gears
(Fellows, 1924; Bopp & Reuther G.m.b.H., 1938).

Due to the lack of exact methods of generation of noncircular gears, the efforts
were first directed to the development of methods based on the meshing of gener-
ating tools with master gears. Figure 1.1.1 shows the Fellows’ approach where the
noncircular master gear 1 is in mesh with a master rack (Fellows, 1924). The rack
cutter and gear being generated are denoted by 3 and 4, respectively.

Bopp and Reuther’s approach (Fig. 1.1.2) is based on the simulation of meshing
of a noncircular master worm gear c with a worm f that is identical to the hob d; a
is the spur noncircular gear being generated; the cam b and the follower e form the
cam mechanism designated for simulation of the required variable distance between
c and f (Bopp & Reuther G.m.b.H., 1938). Weight g maintains the continuous con-
tact between the cam and the follower. However, both approaches were difficult to
apply due to the necessity of manufacturing noncircular master gears, which was
expensive and time-consuming.

The breakthrough of generation of noncircular gears happened in years 1949–
1951, wherein enveloping methods of generation of noncircular gears were devel-
oped based on generation by a rack cutter, hob, or a shaper (Litvin et al., 1949 to
1951). Such methods were based on obtaining the gear tooth surface as the envelope
to the family of tool surfaces and are based on the following ideas:

(a) The noncircular gears are generated by the same tools (rack cutters, hobs, and
shapers) that are used for the manufacture of circular gears.

1
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2 Introduction to Theory of Gearing, Design, and Generation of Noncircular Gears

Figure 1.1.1. Generation of a noncircular gear by application of (i) a master rack 2; (ii) a
master noncircular gear 1; (iii) a cutting rack cutter 3. The noncircular gear being generated
is 4.

(b) Conjugated tooth shapes for noncircular gears are provided due to the imagi-
nary rolling of the tool centrode over the given gear centrode.

(c) The imaginary rolling of the tool centrode over the centrode of the gear being
generated is accomplished by proper relations between the motions of the tool
and the gear in the process of cutting.

We illustrate the developed approaches in Fig. 1.1.3, which shows that mating
noncircular centrodes 1 and 2 are in mesh with a conventional rack cutter 3. The
centrode of the rack cutter is a straight line t − t that is a common tangent to cen-
trodes 1 and 2 and rolls over 1 and 2. Rolling of centrode 3 of the rack cutter is

Figure 1.1.2. Generation of a noncircular gear by applying (i) a master worm gear c being in
mesh with worm f ; (ii) a cam b and follower e; (iii) a is the gear being generated; (iv) d is the
hob.
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1.1 Historical Comments 3

Figure 1.1.3. Illustration of generation of noncircular gears 1 and 2 by rack cutter 3.

achieved wherein the rack cutter translates along tangent t − t and is rotated about
the instantaneous center of rotation I (Fig. 1.1.3). Tooth surfaces of gear 1, gear 2,
and rack cutter 3 are in mesh simultaneously, and gear 1 and 2 are provided with
conjugated surfaces.

Drawings of Fig. 1.1.4 show the related motions of a rack cutter being in mesh
with one of the noncircular gears of the pair of noncircular gears shown in Fig. 1.1.3.
Figure 1.1.4(a) shows that the rack cutter translates along t − t , which is the com-
mon tangent to the rack cutter centrode 2 and centrode 1 of the noncircular gear.
Centrode 2 is a straight line. Centrode 1 applied for generation is the same as that
applied in the meshing of two mating noncircular gears, as shown in Fig. 1.1.3.

The noncircular gear 1 being in mesh with rack cutter 2 performs two related
motions during the process of generation (Fig. 1.1.4(a)): (a) rotation about O1 with
angular velocity ω(1), and (b) translational motion with linear velocity v(1)

tr in a di-
rection that is perpendicular to t − t . Rolling of the rack cutter 2 about centrode 1
is provided by observation of the vector equation

v(2) = v(1)
rot + v(1)

tr (1.1.1)

We may consider that the translation of the rack cutter is performed with a
constant velocity v(2), and the motions of the noncircular gear are provided by ob-
servation of the nonlinear function ω(1)(v(2)) and v(1)

tr (v(2)).
Three coordinate systems are applied for generation: (i) movable ones, S2 and

S1, rigidly connected to the rack cutter 2 and noncircular gear 1 (Fig. 1.1.4(b)),
and (ii) fixed coordinate system Sf , in which we consider the motions of S2 and
S1 (Fig. 1.1.4(b)). Symbols x(O2)

f and y(O1)
f denote the displacements of the rack

cutter and noncircular gear, respectively. Angle φ1 denotes the rotation of the
gear.
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4 Introduction to Theory of Gearing, Design, and Generation of Noncircular Gears

Figure 1.1.4. Toward derivation of related motions of rack cutter 2 and noncircular gear 1.

The derivations of the nonlinear functions φ1(x(O2)
f ) and y(O1)

f (x(O2)
f ) are pre-

sented in Chapter 5. Initially, observation of functions mentioned previously has
been accomplished by the remodeling of existing equipment and using cam mech-
anisms for the generation of the required functions. Figure 1.1.5 shows the first
cutting machine for noncircular gears applied in 1951. At present, observation of
functions φ1(x(O2)

f ) and y(O1)
f (x(O2)

f ) is obtained by computer controlled machines
(Smith, 1995).

By using enveloping methods of generation of noncircular gears, various new
types of noncircular gears have been developed with closed and non-closed cen-
trodes. An example of a pair of noncircular gears with non-closed centrodes applied
for generation of a given function y(x) represented in the closed interval [x1, x2], if
y(x1) �= y(x2) (see Chapter 10), is shown in Fig. 1.1.6.

Figure 1.1.7 shows a 3D model of a helical elliptical gear. It has found good
application for the driving of a crank-slider mechanism in heavy-press machines.
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Figure 1.1.5. Remodeled cutting machine for
generation of noncircular gears (1951).

Figure 1.1.6. Illustration of noncircular gear drive with non-closed centrodes.

5
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6 Introduction to Theory of Gearing, Design, and Generation of Noncircular Gears

Figure 1.1.7. Illustration of helical elliptical gear
drive.

Figure 1.1.8 shows a gear drive formed by an eccentric involute pinion and a conju-
gated noncircular gear. Application of this gear drive has been found in rice planting
machines. It can be used as well in tandem design of the Scotch-Yoke mechanism
coupled with eccentric involute gears to obtain an improved function of the output
velocity.

1.2 Toward Design and Application of Noncircular Gears

1.2.1 Examples of Previous Designs

Noncircular gears have found application in the industry for (i) variation of the
output speed (for instance, in presses, conveyers, rice planting machines, etc.) and
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1.2 Toward Design and Application of Noncircular Gears 7

Figure 1.1.8. Illustration of eccentric involute pinion and conjugated noncircular gear.

(ii) generation of a given function (by a single pair of centrodes or a multigear
drive).

The contents of this section cover only a small number of examples of the previ-
ous design of mechanisms with noncircular gears. Figure 1.2.1 shows application of
a gear drive with elliptical gears applied for driving a Maltese cross mechanism. The
Maltese cross mechanism, also known as the Geneva mechanism, is used to convert
a continuous rotary motion into an intermittent rotary motion, and it is applied in
many instruments or in other applications where an intermittent rotary motion is re-
quired. The purpose of the design shown in Fig. 1.2.1 is obtaining lower and higher
speeds for the working and free-running parts of the cycle.
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Figure 1.2.1. Application of elliptical gears in combination with a Maltese cross mechanism.

Figure 1.2.2. Illustration of noncircular gears
applied in fine mechanics.

8
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1.2 Toward Design and Application of Noncircular Gears 9

Figure 1.2.3. Illustration of transportation of the
flow of liquid: I, II, and III positions of the same pair
of oval gears.

Figure 1.2.2 shows examples of noncircular gears applied in the past in fine me-
chanics for the generation of functions of one variable. The development of elec-
tronic ways of generation of functions has eliminated such an approach. Figure 1.2.3
shows a comparatively modern example of the application of oval gears in flowme-
ters, proposed by Bopp and Reuthers (Bopp & Reuther G.m.b.H., 1938). The oval
shape of the centrodes is obtained by modification of a conventional ellipse (see
Section 4.3.5).

Figure 1.2.4 illustrates the possibility of application of twisted centrodes, which
allow an increasing of the interval of the function to be generated. The gears with
such centrodes may perform during the process of meshing an angle of rotation
φ > 2π but, in addition to rotation, the gears have to perform an axial displacement.
Figure 1.2.5 shows the centrodes of gears for generation of function y(x) = 1/x for
1 ≤ x ≤ 3 and φ1max = 5π .

Figure 1.2.6 is the sketch of a heavy press machine designed as a combination
of a crank-slider linkage coupled with elliptical gears. Such a design provides two
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Figure 1.2.4. Illustration of a twisted noncircular gear.

Figure 1.2.5. Centrodes of gears for genera-
tion of the function y(x) = 1/x for 1 ≤ x ≤ 3
and φ1max = 5π .

Figure 1.2.6. Application of elliptical gears in combination with a crank-linkage mechanism
for a heavy press machine.

10
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1.2 Toward Design and Application of Noncircular Gears 11

Figure 1.2.7. Illustration of oval gears.

parts of the cycle of the slider, with a lower and higher speed (for the working and
free-running parts of the cycle). For applications in which there is a need to obtain a
nonsymmetrical cycle of the slider, with a slow-working cycle and a fast free-running
cycle, application of modified elliptical gears will be considered.

1.2.2 Examples of New Designs

New developments based on the modification of conventional ellipses have been
accomplished. These new designs cover oval gears (Fig. 1.2.7), gears with lobes1

(Fig. 1.2.8), or conjugation of an ellipse with a driven gear wherein the driving
gear 1 performs more than one revolution for each revolution of the driven gear
(Fig. 1.2.9).

The following examples illustrate the advantages of the tandem design of mech-
anisms with noncircular gears. Figure 1.2.10 shows the tandem design of a slider-
crank linkage and a pair of modified elliptical gears to be applied in those applica-
tions wherein differences in the governing function corresponding to the approach
stroke and to the return stroke is the goal. Figure 1.2.10(a) shows the centrodes
of the modified elliptical gears, and Fig. 1.2.10(b) shows the unmodified s(β) and
modified s(α) governing functions of the slider-crank linkage. In this case, a longer
approach stroke for the slider is obtained with a fast return stroke of the slider.

Another example of a new design is the Scotch-Yoke mechanism (Fig. 1.2.11(a))
coupled with noncircular gears for the variation of output speed. Figure 1.2.11(b)
shows the relation between velocities, and Fig. 1.2.12 shows the shape of a trans-
ported textile ball as a function of v7(φ1).

1 Lobe is a synonym of part.
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12 Introduction to Theory of Gearing, Design, and Generation of Noncircular Gears

Figure 1.2.8. Centrodes with lobes: (a) three lobes and gear ratio equal to 1; (b) three and
four lobes of centrodes 1 and 2, and gear ratio equal to 4/3.

A significant achievement is the generation of a given function by a multigear
drive. The theoretical basis of this approach is the analytical solution of the func-
tional

ψ(α) = gn(gn−1(gn−2(. . . g1(α)))) (1.2.1)

which is proposed in Chapter 10.

Figure 1.2.9. Illustration of a gear drive formed by an elliptical centrode 1 and (a) centrode 2
with two lobes; (b) centrode 2 with three lobes.
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Figure 1.2.10. (a) Tandem design of crank-slider mechanism with modified elliptical cen-
trodes; (b) unmodified s(β) and modified s(α) governing functions of the geared crank-slider
mechanism.
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Figure 1.2.11. Composition of gear drive with Scotch-Yoke mechanism: (a) eccentric gear
drive and Scotch-Yoke mechanism at their initial positions; (b) links of Scotch-Yoke mecha-
nism and details of related velocities.

Figure 1.2.13 shows the case when the given function ψ(α) is generated by three
pairs of unclosed centrodes. The figure illustrates a particular case of solution of the
functional (1.2.1). The great advantage of application of a multigear drive formed
by noncircular gears is the reduction of the pressure angle of the centrodes and their
favorable shape (see Chapter 10).

1.3 Developments Related with Theory of Gearing

Teeth of the same noncircular gear have different profiles, and this is the main dif-
ference between a circular and noncircular gear. The geometry of teeth and their
profiles must be based on the concepts applied in differential geometry for planar
curves.
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Figure 1.2.12. Tandem design of Scotch-Yoke mechanism coupled with eccentric gear drive:
(a) velocity v7(φ1) as function of eccentricity ε1; (b) shape of textile ball corresponding to
ε1 = 0.1; (c) shape of textile ball wherein noncircular gears are not applied (ε1 = 0).

TANGENT TO CENTRODES. The consideration of centrodes represented in polar form
is preferable to study the geometry of noncircular gears. The orientation of the tan-
gent to the centrode is determined by the angle µ formed by the position vector to
the centrode and the tangent (see Section 2.5).
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Figure 1.2.13. Illustration of a gear drive formed by three pairs of noncircular gears for the
generation of given function ψ(α).

CURVATURE OF CENTRODES. Determination of the curvature of centrodes of non-
circular gears is necessary for the choice of the generating tool (rack cutter, hob,
or shaper) that can be applied for the generation of noncircular gears and for the
avoidance of undercutting. Equations for the determination of the curvature of a
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1.3 Developments Related with Theory of Gearing 17

polar curve are presented in Section 2.8 and the conditions for the observation of
convexity of centrodes are formulated.

EVOLUTE AND INVOLUTE OF PROFILES OF TEETH. The evolute for profiles of a tooth is
determined as the sequence of centers of curvature determined for the points of the
profiles of the tooth. Each profile of the tooth of a noncircular gear has its evolute.
Profiles of both sides of a tooth have different evolutes. The evolute for all profiles
of the teeth of the same circular gear is the same curve and is called the base circle.

The concept of evolute may be described geometrically as follows: (i) determine
at each point of the tooth profile the normal to the profile – the sequence of normals
will form a family of straight lines; (ii) the envelope to the family of normals is the
evolute.

The tooth profile is a curve that may be called involute. Tooth profiles of the
same noncircular gear are represented by different curves (different involutes).

IDENTITY OF MATING CENTRODES. The generation of a function is performed by the
meshing of two conjugated centrodes and, generally, the mating centrodes are not
identical. However, in some particular cases the mating centrodes might be identical
by observation of certain requirements for the transmission function of mating cen-
trodes (see Section 4.5).

MATRIX APPROACH FOR DERIVATION OF EQUATION OF MESHING. The gear tooth sur-
face �g generated by the tool surface �t is determined as the envelope to the family
of tool surfaces in a coordinate system fixed to the gear (Litvin & Fuentes, 2004).
The applied procedure requires determination of the equation of meshing of sur-
faces �g and �t .

The most effective way to derive the equation of meshing is based on the appli-
cation of the scalar product

rt (u, θ) · v(t,g)
r = f (u, θ, φ) = 0 (1.3.1)

where rt (u, θ) is the tool surface represented in two-parameter form (by parameters
(u, θ)) and v(t,g)

r is the velocity in relative motion. Determination of Eq. (1.3.1) has
been based on differentiation of the matrices that describe the coordinate transfor-
mation (see Section 5.2).

AVOIDANCE OF UNDERCUTTING. The proposed approach is based on representation
of profiles of teeth of a noncircular gear by a set of profiles of teeth of circular gears
(see Section 4.3.2.2).
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2 Centrodes of Noncircular Gears

2.1 Introduction

Noncircular gears are mainly designed for the transformation of rotation between
parallel axes with a constant center distance performed with variation of ratio of
angular velocities ω(1)/ω(2).

Figure 2.1.1 shows schematically the transformation of rotation of centrodes of
noncircular gears. Planes 
1 and 
2 (Fig. 2.1.1(a)) are perpendicular to axes (a − a)
and (b − b) (Fig. 2.1.1(b)), respectively, of gear rotation. The rotation of gear 1 is
performed counterclockwise as shown by arc a and rotation of gear 2 is performed
clockwise as shown by arc b (Fig. 2.1.1(a)). Vector v(i)(i = 1, 2) of linear velocity
of rotation of a point of gear belongs to plane 
i . Vectors ω(1) and ω(2) of angular
velocities of gear rotation are directed along the axes of rotation (Fig. 2.1.1(b)).

The centrodes are planar curves that roll over each other in the process of trans-
formation of rotation. Figure 2.1.2 shows an example of centrodes of elliptical non-
circular gears. The centrodes contact each other in the process of transformation
of rotation at a point I that moves along O1 − O2 (Fig. 2.1.1(a)). Vectors v(1) and
v(2) represent the linear velocities of rotation about O1 and O2, respectively, and are
determined as

v(1) = ω(1) × O1 I , v(2) = ω(2) × O2 I (2.1.1)

The condition of rolling of centrodes is observed by the vector equation

v(1) = v(2) (2.1.2)

Equation (2.1.2) shows that the relative velocity at the point of tangency of cen-
trodes is equal to zero. Thus, the condition of rolling of centrodes is observed by the
vector equation

v(12) = v(1) − v(2) = 0 (2.1.3)

Similarly, we have

v(21) = v(2) − v(1) = 0 (2.1.4)

18
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Figure 2.1.1. Illustration of transformation of rotation: (a) O1 and O2 are the centers of ro-
tation; (b) vectors ω(1) and ω(2) of angular velocities are directed along the respective axes of
rotation.

Figure 2.1.2. Illustration of mating cen-
trodes that roll over each other and con-
tact each other at point I , which is mov-
ing along center distance O1 − O2.
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Figure 2.2.1. Illustration of fixed coordi-
nate system Sf (x f , yf ) and movable coor-
dinate systems S1(x1, y1), S2(x2, y2).

Point I of the tangency of centrodes is the instantaneous center of rotation in
relative motion. Considering that one of the centrodes is held at rest, for instance
centrode 2, then we may consider that centrode 1 is rotated about centrode 2 at
point I (Fig. 2.1.1(b)) with angular velocity |ω(12)| = |ω(1)| + |ω(2)|.

2.2 Centrode as the Trajectory of the Instantaneous Center of Rotation

The determination of centrodes is the first step in the design of noncircular gears,
and for this purpose we apply: (i) two movable coordinate systems S1(x1, y1) and
S2(x2, y2) rigidly connected with gears 1 and 2, and (ii) a fixed coordinate system
Sf (x f , yf ) rigidly connected to the frame of the gear drive (see Figure 2.2.1).

During the transformation of rotation of noncircular gears 1 and 2, the instanta-
neous center of rotation I moves along center distance E, and the trajectory traced
out by the instantaneous center of rotation in Sf is represented as the straight line
r f (u) where u = |O1 I |.

Simultaneously, the instantaneous center of rotation moves in coordinate sys-
tems S1(x1, y1) and S2(x2, y2) along centrodes σ1 and σ2 of gears 1 and 2.

We may determine the centrodes as trajectories traced out by point I in coordi-
nate systems S1 and S2, respectively, and represented as

r1(u, φ1) = M1 f (φ1)r f (u) (2.2.1)

r2(u, φ2) = M2 f (φ2)r f (u) (2.2.2)

Matrices Mi f (i = 1, 2) represent the coordinate transformation from Sf to Si (i =
1, 2).
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Figure 2.3.1. Illustration of polar axis O1 A, center distance
E, rotation angle φ1, and parameter θ1.

2.3 Concept of Polar Curve

The centrodes are determined as polar curves. Figure 2.3.1 shows (i) the polar axis
O1 A of a driving centrode that passes through its center of rotation O1; (ii) E =
|O1 O2| is the shortest center distance between centrodes 1 and 2, where O2 is the
center of rotation of centrode 2; (iii) r1(θ1) is the position vector of centrode 1, where
θ1 is the angle formed by polar axis O1 A and the center distance |O1 O2|; parameter
θ1 is measured clockwise, and function r1(θ1) determines centrode 1 as a polar curve;
(iv) φ1 is the angle of rotation of centrode 1 measured counterclockwise (φ1 = θ1).

2.4 Derivation of Centrodes

We consider the following cases of the derivation of centrodes (i) wherein the
derivative function m12(φ1) = dφ1/dφ2 and the center distance of the gear drive with
noncircular gears are given, and (ii) wherein function y(x), x1 ≤ x ≤ x2, which must
be generated by the mechanism of noncircular gears, is given.

CASE 1: DERIVATION OF CENTRODES CONSIDERING AS GIVEN FUNCTION m12(φ1)

Step 1. Taking into account that

m12(φ1) = dφ1

dφ2
= r2

r1
= E − r1

r1
(2.4.1)

we obtain the following expression for centrode 1 (centrode σ1):

r1(φ1) = E
1 + m12(φ1)

(2.4.2)



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

22 Centrodes of Noncircular Gears

Taking into account that φ1 = θ1, we obtain the polar equation of σ1

r1(θ1) = E
1 + m12(θ1)

(2.4.3)

Step 2. Centrode 2 (centrode σ2) is determined by the equations

r2(φ1) = E
m12(φ1)

1 + m12(φ1)
(2.4.4)

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
(2.4.5)

The derivative function m12(φ1) must be a smooth, differentiable, and positive
function. The requirement of positive values of m12(φ1) in the area φ

(1)
1 ≤ φ ≤ φ

(2)
1

must be observed because the rotation of the gears may be performed in one direc-
tion only as a continued one (see Section 10.3 on generation of non-monotonous
functions). Variation of the magnitude of m12(φ1) may be accompanied with an un-
favorable magnitude of the pressure angle, which may require the design of a mech-
anism with more than one pair of mating gears.

CASE 2: DERIVATION OF CENTRODES CONSIDERING AS GIVEN FUNCTION y(x), x1 ≤ x ≤ x2

Step 1. The angles of rotation of the driving and driven gears are proportional to
x and f (x), respectively. We then obtain the following equations for the scalar
coefficients k1 and k2:

φ1 = k1(x − x1) (2.4.6)

φ2 = k2
[

f (x) − f (x1)
]

(2.4.7)

Step 2. The gear ratio is determined as

m12(x) = dφ1

dφ2
= k1

k2 f ′(x)
(2.4.8)

The following requirements must be observed:

(i) The derivative function m12(x), x1 ≤ x ≤ x2, must be positive.
(ii) The pressure angle (see Section 4.3.2.2) should not exceed the limiting values.

Such requirements may be fulfilled by:

(a) Application of multithread noncircular gears wherein φ1max ≥ 2π (see Fig.
1.2.4).

(b) Use of a gear mechanism with more than one pair of gears (see Section 10.5).

2.5 Tangent to Polar Curve

Figure 2.5.1 shows polar axis OA and two points M0 and M2 of the polar curve
infinitesimally close to each other. Vector t is the tangent to the polar curve at point
M0.
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Figure 2.5.1. For derivation of angle µ formed by extended position vector r(θ) and tangent
t to polar curve.

Taking into account that |Ṁ0 M1| = r(θ)dθ and segment |M1 M2| = |dr|, we find
that

tan µ = r
dr/dθ

(2.5.1)

Angle µ (Fig. 2.5.1) is formed by extended position vector OM0 and tangent t. Equa-
tion (2.5.1) is the basic equation for the determination of tangent t to polar curve.
Tangent t to a polar curve is directed in accordance to measurements of polar an-
gle θ (Fig. 2.5.1). Figure 2.5.2(a) shows two mating centrodes σ1 and σ2 that contact
each other at the instantaneous center of rotation I . The common tangent to the
centrodes is t. Parameters φi and θi (i = 1, 2) represent the angles of rotation of
centrodes and scalar parameters.

Our goal is to prove that angles µ1 and µ2 (Figs. 2.5.2(b) and 2.5.2(c)) are related
at point I of tangency of centrodes σ1 and σ2 as

µ1 + µ2 = π (2.5.2)

(i) Centrode σ1 is represented by Eq. (2.4.3). Following Eq. (2.5.1), we obtain

tan µ1 = r1(θ1)
dr1/dθ1

= − 1 + m12(θ1)
dm12(θ1)/dθ1

(2.5.3)

(ii) Centrode σ2 is represented by Eqs. (2.4.4) and (2.4.5). Taking into account that
φ1 = θ1, we obtain tan µ2 = − tan µ1, and Eq. (2.5.2) is observed.
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Figure 2.5.2. Illustration of angles µ1 and µ2: (a) mating centrodes σ1 and σ2; (b) measure-
ment of angle µ1; (c) measurement of angle µ2; Oi Bi (i = 1, 2) shows the extended position
vector ri (θi ).

2.6 Conditions for Design of Centrodes as Closed Form Curves

Mechanisms applied in automatic machines are designed for continuous motion,
and the centrodes must be designed as closed curves. The conditions of obtaining
centrodes as closed curves are formulated below (i) for a conventional mechanism
designed for transformation of motions, and (ii) for a mechanism designed for gen-
eration of a given function. Conditions of obtaining closed curves are formulated
for the driving and driven gear separately.

DESIGN OF CENTRODE 1. We recall that centrode r1(θ1) (θ1 = φ1) is represented by
Eq. (2.4.2). This equation shows that centrode 1 may be obtained as a closed form
curve if m12(φ1) is a periodic function with period T = T1/n1, where T1 is the period
of revolution of gear 1 and n1 is an integer number.

DESIGN OF CENTRODE 2. The centrode is determined by Eqs. (2.4.4) and (2.4.5).
Equation (2.4.4) yields that centrode 2, r2(φ1), is a closed form curve if m12(φ1) is
a periodic function with the period T = T1/n1. This means that the interval of vari-
ation of φ1 during one revolution is a multiple of 2π/n1.

In addition, the following requirements must be observed:

(i) The ratio between the revolutions n1 and n2 of centrodes 1 and 2, respectively,
must be

T1

n1
= T2

n2
(2.6.1)

where n1 and n2 are integer numbers.
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(ii) The gear center distance E must be determined as a function of n1 and n2 as
follows:
(a) We represent r2(φ1) by the equation

r2(φ1) = E − r1(φ1) (2.6.2)

(b) The angle φ2 of rotation of gear 2 is determined as

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
=
∫ φ1

0

r1(φ1)
r2(φ1)

dφ1 =
∫ φ1

0

r1(φ1)
E − r1(φ1)

dφ1 (2.6.3)

Observation of Eqs. (2.6.1) and (2.6.3) yields the following equation for the
determination of center distance E:

φ2 = 2π

n2
=
∫ 2π

n1

0

r1(φ1)
E − r1(φ1)

dφ1 (2.6.4)

The design of gears with closed form centrodes requires observation of Eqs.
(2.6.1) and (2.6.4) and is discussed in Chapter 4 for conventional and modified el-
liptical gears, in Chapter 6 for eccentric involute gear drives, and in Chapter 7 for
internal gear drives.

Problem 2.6.1 and its solution are provided for the comprehension of ap-
proaches applied for the design of noncircular gear drives.

PROBLEM 2.6.1. TOWARD DESIGN OF A GEAR DRIVE WITH ELLIPTICAL PINION. The design
of centrodes of gear drives with conventional and modified elliptical centrodes may
be performed analytically by application of the following integrals represented by
Dwight (Dwight, 1961):∫ π

0

dx
1 ± a cos x

= π√
1 − a2

(2.6.5)

∫
dx

a + b cos x
= 2√

a2 − b2
arctan

(a − b) tan
x
2√

a2 − b2
[a2 > b2] (2.6.6)

Step 1. Centrode σ1.
Centrode σ1 is a conventional ellipse, and the center of rotation is the lower
focus of the ellipse. The polar equation of centrode σ1 is then (see Section 4.2)

r1(φ1) = p
1 − e cos φ1

= a(1 − e2)
1 − e cos φ1

, 0 ≤ φ1 ≤ 2πn (2.6.7)

Here, a is the larger axis of the ellipse, e = c/a is the eccentricity of the ellipse
with 2c being the distance between the focuses of the ellipse, n is the number of
revolutions that centrode σ1 performs for one revolution of conjugated centrode
σ2, and φ1 is the angle of rotation of σ1 (Fig. 2.6.1). The centrode σ1 is already a
closed form curve.

Figure 2.6.1 shows that center O1 of rotation of centrode 1 is located in the lower
focus of the ellipse; O is the center of the ellipse; O1 A1 is the polar axis for
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Figure 2.6.1. Illustration of geometric parameters
applied in Eq. (2.6.7).

representation of the ellipse as a polar curve; and |O1 I | = r1(φ1) is the position
vector of the polar curve.

Determination of centrode σ2 as a closed form curve is discussed in the follow-
ing.

Step 2. Derivative function m21(φ1).
The derivation of m21(φ1) is based on application of Eqs. (2.6.7) and (2.4.1),
which yield

m21(φ1) = 1
m12(φ1)

= p
E − p − Ee cos φ1

=
(

p
E − p

)
1

1 − q cos φ1
, q = Ee

E − p
(2.6.8)

Step 3. Derivation of center distance E.
The derivation of E is based on the Eqs. (2.6.1) and (2.6.3), which yield

φ2(φ1)φ1=2π = 2π = n
∫ 2π

0

p
E − p − Ee cos φ1

dφ1

=
(

pn
E − p

)∫ 2π

0

dφ1

1 − q cos φ1
= 2pn

E − p

∫ π

0

dφ1

1 − q cos φ1
(2.6.9)

where n is the number of revolutions of pinion centrode σ1 performed for one
revolution of gear centrode σ2. By applying Eq. (2.6.5), Eq. (2.6.9) yields the
following quadratic equation:

E2(1 − e2) − 2Ep + p2(1 − n2) = 0 (2.6.10)
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The solution of Eq. (2.6.10) for E is

E = a
[

1 +
√

1 + (1 − e2)(n2 − 1)
]

(2.6.11)

The importance of Eq. (2.6.11) is that it works for conventional elliptic gear
drives, modified elliptical gear drives, oval gears, and for gears with lobes (see
Chapter 4).

Step 4. Centrode σ2 of driven gear.
Centrode σ2 is represented by the following equations:

r2(φ1) = E − r1(φ1) = E − a(1 − e2)
1 − e cos φ1

(2.6.12)

φ2(φ1) =
∫ φ1

0
m21(φ1)dφ1 =

(
p

E − p

)∫ φ1

0

dφ1

1 − q cos φ1
(2.6.13)

The transmission function (2.6.9) may be determined analytically using Eq.
(2.6.6). We then obtain the following expression for φ2(φ1):

tan
φ2

2
=
(

1 + e
1 − e

)
tan

φ1

2
(2.6.14)

2.7 Observation of Closed Centrodes for Function Generation

Basic ideas of the application of noncircular gears for generation of the function of
y(x), x1 ≤ x ≤ x2, are formulated by Eqs. (2.4.6) to (2.4.8). The following conditions
must be observed to obtain closed form centrodes for generation of the function in
addition to the previously mentioned equations:

(a) The derivative function y′(x) must be periodic and of period
x2 − x1

n1
, where n1

is an integer number.
(b) The scalar coefficients k1 and k2 of Eqs. (2.4.6) and (2.4.7) must satisfy the fol-

lowing relations:

k1 = 2π

x2 − x1
(2.7.1)

k2 = 2π

f (x2) − f (x1)
(2.7.2)

2.8 Basic and Alternative Equations of Curvature of Polar Curve

Determination of the curvature of centrodes of noncircular gears is required for the
solution of the following problems:

(i) Determination of the type of generating tool (rack cutter, hob, or shaper) that
can be applied for generation of noncircular gears. A rack cutter or a hob may
be applied only for convex centrodes.

(ii) Avoidance of undercutting (see Section 4.3.2.2).
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Figure 2.8.1. For derivation of the curvature of polar curve: (a) OA is the polar axis, r(θ) is
the position vector, ρ is the curvature radius, and C is the curvature center; (b) ds = M̆1 M2,
and r(θ)dθ and dr are the arc components of M̆1 M2,

Figure 2.8.1(a) shows a polar curve wherein C M1 and C M2 are the normals to
the curve that form angle (dθ + dµ) and C is the curvature center. The length ds of
the small arc Ṁ1 M2 is determined as (Fig. 2.8.1(b))

ds =
√

[r(θ)dθ ]2 + (dr)2 = r(θ)

√
1 +

(
dr/dθ

r(θ)

)2

dθ

= r(θ)

√
1 + 1

tan2 µ
dθ = r(θ)

sin µ
dθ (2.8.1)

Considering Ṁ1 M2 as the small arc of radius ρ, we represent ds as

ds = ρ(dθ + dµ) (2.8.2)

Equations (2.8.1) and (2.8.2) yield

ρ(θ) = r(θ)
sin µ

(
dθ

dθ + dµ

)
(2.8.3)

Determination of function dµ/dθ = f (θ) is based on the following considera-
tions:
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(i) We recall that tan µ = r
dr/dθ

(see Eq. (2.5.1)). After differentiation, we obtain

dµ =
cos2µ

[(
dr
dθ

)2

− r
d2r
dθ2

]
(

dr
dθ

)2 dθ (2.8.4)

(ii) Continuing transformations, we obtain

dµ + dθ =
cos2µ

[(
dr
dθ

)2

− r
d2r
dθ2

]
+
(

dr
dθ

)2

(
dr
dθ

)2 dθ (2.8.5)

(iii) Equations (2.8.5) and (2.5.1) yield

dµ + dθ =
r(θ)(2 − sin2 µ) − sin2 µ

d2r
dθ2(

dr
dθ

)2 dθ (2.8.6)

Equations (2.8.6) and (2.8.3) yield the following expression for the curvature
radius:

ρ(θ) = [r(θ)]2

sin µ

[
r(θ)(2 − sin2 µ) − sin2 µ

d2r
dθ2

] (2.8.7)

The curvature radius ρ(θ) is represented as well in differential geometry (Korn
& Korn, 1968) as

ρ(θ) =

[
r(θ)2 +

(
dr
dθ

)2
]3/2

r(θ)2 + 2
(

dr
dθ

)2

− r(θ)
d2r
dθ2

(2.8.8)

We may obtain (2.8.8) from (2.8.7) taking into account that

r(θ)2 +
(

dr
dθ

)2

= r(θ)2 + r(θ)2

tan2 µ
= r(θ)2

sin2 µ
(2.8.9)

2
(

dr
dθ

)2

= 2
r(θ)2

tan2 µ
(2.8.10)
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2.9 Conditions of Centrode Convexity

Equation (2.8.8) of curvature radius ρ yields the following condition of centrode
convexity (ρ > 0):

r(φ)2 + 2
(

dr
dφ

)2

− r(θ)
d2r
dφ2

> 0 (2.9.1)

We recall that φ = θ (see Fig. 2.3.1). Using equations of centrodes and inequality
(2.9.1), we obtain the conditions for centrodes convexity.

Equation (2.4.2) and inequality (2.9.1) show that centrode 1 is convex by obser-
vation of the condition

1 + m12(φ1) + m′′
12(φ1) ≥ 0 (2.9.2)

Similarly, using Eqs. (2.4.4) and (2.4.5) for centrode 2 and inequality (2.9.1), we
obtain conditions of centrode 2 convexity as

1 + m12(φ1) + [m′
12(φ1)]2 − m12(φ1)m′′

12(φ1) ≥ 0 (2.9.3)

Here,

m′
12(φ1) = d

dφ1

(
m12(φ1)

)
; m′′

12(φ1) = d2

d2φ1

(
m12(φ1)

)
(2.9.4)

When the inequalities (2.9.2) and (2.9.3) turn into equalities, there is a centrode
point where ρ = ∞.

Using the approach discussed here for the generation of function by noncircular
gears, we obtain the following conditions of convexity of the centrodes of the driving
and driven gears, respectively.

Let us consider now the case that the noncircular gears are designed for gener-
ation of the function z = f (u). Then we obtain

m12(u) = k1

k2 f ′(u)
(2.9.5)

where the relation between φ1 and u is

φ1 = k1(u − u1) (2.9.6)

Respectively, we obtain

m′
12(φ1) = d

dφ1

(
m12(φ1)

) = d
du

(
m12(φ1)

) du
dφ1

= −
(

1
k2

)
f ′′(u)

[ f ′(u)]2 (2.9.7)

m′′
12(φ1) =

(
1

k1k2

)
2[ f ′′(u)]2 − f ′(u) f ′′′(u)

[ f ′(u)]3 (2.9.8)

Finally, the conditions of convexity of centrodes 1 and 2 are represented respectively
as

k1k2[ f ′(u)]3 + k2
1[ f ′(u)]2 + 2[ f ′′(u)]2 − f ′′′(u) f ′(u) ≥ 0 (2.9.9)

k2[ f ′(u)]3[k1 + k2 f ′(u)] + f ′(u) f ′′′(u) − [ f ′′(u)]2 ≥ 0 (2.9.10)
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3 Evolutes and Involutes

3.1 Introduction and Terminology

CENTRODES AND PITCH CURVES. Centrodes (see Chapter 2) may be considered as
frictional disks (circular or noncircular) that roll over each other in the process of
meshing. The centrodes are provided with teeth, and such a mechanism (gear mech-
anism) transforms rotation by the meshing of teeth.

Figure 3.1.1 shows the centrodes (as mating circles) of a gear mechanism with
circular gears. For the purpose of simplification of drawings, only two profiles of
teeth are shown in Fig. 3.1.1. The instantaneous point of contact of the tooth profiles
is shown in Fig. 3.1.1 as I .

Points M(1)
i and M(2)

i in Fig. 3.1.1 represent points of intersection of neighboring
profiles with the centrodes of radii r (1)

p and r (2)
p . The distance p between two neigh-

boring points M( j)
i ( j = 1, 2) is measured along the arc of the respective centrode

and is determined as p = mπ , where m is the module of the gears.
It will be shown here that even neighboring profiles may have different evolutes

(for instance, see Fig. 3.1.3). There is an exemption with involute spur gears, wherein
the evolutes of neighboring profiles are arcs of the same circles called base circles of
radii r (i)

b (i = 1, 2). Centrodes of radii r (i)
p (i = 1, 2) are usually called pitch circles,

but the preferable notation is centrodes.

CONCEPT OF EVOLUTE AND INVOLUTE OF PLANAR CURVES. The concept of evolute
and involute of a planar curve has been developed in differential geometry.

We call involute the tooth profile obtained in the transverse section of the gear
tooth. The profile might be represented by a curve or, in some cases, by a straight
line. Figure 3.1.2 shows the tooth profile as a planar curve σ1 formed by points
M1, M2, · · · , Mn. We may determine for each point Mi of σ1 the curvature cen-
ter Ni of involute σ1 at point Mi of the involute. Straight lines Mi Ni (i = 1, 2, · · · ,
n) are the normals to the involute. Following the definition in differential geome-
try, we determine the evolute σ2 of curve σ1 as the locus of curvature centers of σ1

(Fig. 3.1.2). Thus, points Ni (i = 1, 2, · · · , n) of normals Mi − Ni to σ1 form curve

31
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32 Evolutes and Involutes

Figure 3.1.1. Illustration of centrodes of radii rp1 and rp2 , evolutes of radii rb1 and rb2 , and
points M(1)

i and M(2)
i of intersection with centrodes of neighboring tooth profiles.

N1 − N2 − · · · − Nn (Fig. 3.1.2), which is called the evolute. Straight lines Mi Ni , the
normals to involute σ1, are the tangents to the evolute (curve σ2, Fig. 3.1.2).

We may also interpret evolute σ2 as the envelope to the family of normals Mi Ni

to curve σ1. Considering as given evolute σ2, we may trace out curve σ1 by a point of
a string as it unwinds from σ2.

Figure 3.1.2. Illustration of involute σ1 and evolute
σ2.
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Figure 3.1.3. Illustration of involutes (σ1, σ
∗
1 ) and evolutes (σ2, σ

∗
2 ) for both profiles of gear

tooth.

APPLICATION OF CONCEPT OF EVOLUTE AND INVOLUTE IN THE THEORY OF GEARING.

A transverse section of a single gear tooth provides two involute profiles and two
evolutes (Fig. 3.1.3). The exemption of this rule is the so-called involute gearing,
wherein the envelope to normals Mi − Ni and M∗

i − N∗
i to the tooth profiles σ1 and

σ ∗
1 is the same circle, called the base circle (see Fig. 3.1.1).

Figure 3.1.3 shows in exaggerated style the tooth of an involute spur gear. Points
M1 − M2 − · · · − Mn form the involute profile of the left side of the tooth. Simi-
larly, points M∗

1 − M∗
2 − · · · − M∗

n form the right side of the tooth. Normals Mi − Ni

(i = 1, · · · , n) to the involute profile σ1 form a family of straight lines that are tan-
gents to evolute σ2 (Fig. 3.1.3). Points Ni form evolute σ2 as N1 − N2 − · · · − Nn.
Respectively, normals M∗

i − N∗
i (i = 1, · · · , n) to profile σ ∗

1 are tangents to evolute
σ ∗

2 . Thus, points N∗
1 − N∗

2 − · · · − N∗
n form envelope σ ∗

2 .
As mentioned previously, in the case of an involute spur gear the evolutes σ2 and

σ ∗
2 for both involute profiles σ1 and σ ∗

1 are arcs of the same circle, the base circle. For
the case of noncircular gears, profiles σ1 and σ ∗

1 of the tooth have different evolutes.

3.2 Determination of Evolutes

In the process of generation of noncircular gears, centrode 1 of the tool (rack cut-
ter, shaper) is rolling over centrode 2 of the noncircular gear being generated (Fig.
3.2.1). Point P is the common point of tangency of centrodes 1 and 2. We emphasize
that the normal to the tooth profile and the common tangent t to the centrode (1 or
2) forms a constant angle αc that is the profile angle of the tool.

The position vector r(θ) of centrode 2 (of the noncircular gear) and the normal
to the tooth profile form angle λi (i = l, r), wherein subindex i of λi indicates the
normals to the left (i = l) and right (i = r) sides of profiles of the noncircular gear.
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Figure 3.2.1. Illustration of orientation of normals to the tooth profile by angle λ (a) as gen-
erated by a rack cutter; (b) as generated by a shaper.

It follows from the drawings that

λl = µ + αc (3.2.1)

λr = π + µ − αc (3.2.2)

where αc is the profile angle of the tool.
Figure 3.2.2 shows polar curve σ1, the centrode of a noncircular gear. For the

purpose of simplification of notation, we are not using the subindexes of notation of
λ, µ, or r(θ), but the obtained equations for the evolutes may be applied for evolutes
of left and right profiles.

The analytical determination of evolute σ2 requires determination of l = MC,
where C is the point of tangency of normal N with the evolute. Knowing parameter
λ – see Eqs. (3.2.1) and (3.2.2) – and parameter l = |MC|, it becomes possible to
determine the evolute of profiles.

Determination of parameter l = |MC| (Fig. 3.2.2) requires application of the
theory of envelope to the family of normals N. The illustration of derivations is
performed by application of a linkage shown in Fig. 3.2.2 with three movable links.
Link 1 is provided with slider 2 and performs rotation about point O, simulating the
centrode of the gear. Link 3 may perform rotation about point M, being the tangent
to the evolute.

The velocity v of point C of the normal is considered as the sum of the follow-
ing components: (i) ve in rotation together with link 1 about O; (ii) velocity vr in
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Figure 3.2.2. For derivation of evolute: (a) centrode of noncircular gear; (b) angular velocities
of rotation of links 1 and 3 about axis M.

translation with slider 2 along the centrode; (iii) velocity v32 in rotation about point
M of slider 2. Velocity vc as the sum of the three components is represented by

vc = ve + vr + v32 = ω(1) × (r + l) + dr
dt

+ ω(32) × l

= ω(1) × r + (ω(1) + ω(32)) × l + dr
dt

(3.2.3)

Here: ω(1) = −dθ

dt
k; ω(32) = dλ

dt
k; r = r cos θ i + r sin θ j; l = l cos(θ + λ)i + l sin(θ +

λ)j
Taking into account that

r(θ)
dr/dθ

= tan µ [see Eq. (2.5.1)], we obtain
dr
dt

=

r cot µ
dθ

dt
and

dr
dt

= −r cot µ
dθ

dt
(cos θ i + sin θ j), wherein (i, j, k) are the unit vectors

of coordinate axes (x, y, z) (Fig. 3.2.2).
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Figure 3.2.3. Illustration of arcs of evolutes σ2 and σ ∗
2 of an elliptical centrode.

After transformation, projections of vector velocity vc are represented as

vyc = r sin θ
dθ

dt
+ l sin(θ + λ)

(
dθ

dt
+ dλ

dθ

)
− r cot µ cos θ

dθ

dt
(3.2.4)

vxc = −r cos θ
dθ

dt
− l sin(θ + λ)

(
dθ

dt
+ dλ

dθ

)
− r cot µ sin θ

dθ

dt
(3.2.5)

Vectors vc and l are collinear, and therefore

vyc

vxc
= ly

lx
= cos(θ + λ)

sin(θ + λ)
(3.2.6)

Equations (3.2.4), (3.2.5), and (3.2.6) yield

l(θ) = r(θ)
sin(λ − µ)(

1 + dλ
dθ

)
sin µ

(3.2.7)

Equation (3.2.7) may be applied for the determination of evolute of profiles for
planar gears with various geometries.

Taking into account Eq. (2.8.7) of curvature radius ρ for planar gears, we obtain
after transformations the following expression for the determination of evolute:

l(θ) = ρ(θ) sin αc (3.2.8)

where ρ(θ) is the curvature radius of the centrode. Figure 3.2.3 illustrates the evo-
lutes σ2 and σ ∗

2 of an elliptical centrode at point M.

3.3 Local Representation of a Noncircular Gear

Various teeth of the same noncircular gear have various profiles. This is the main
difference between a circular and noncircular gear. The variation of tooth profiles
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Figure 3.3.1. Local representation of a noncircular gear by respective circular gears.

of the same noncircular gear is the result of variation of curvature of centrode of a
noncircular gear.

Visualization of tooth profiles of a noncircular gear is based on the concept that
the tooth profiles of the same noncircular gear may be represented as tooth profiles
of a set of circular gears. Using such an approach, for instance with an elliptical
gear (Fig. 3.3.1), we may represent the profiles of teeth 1 and 10 as profiles of teeth
of circular gears with radii ρA and ρB, respectively. The radii ρA and ρB are the
curvature radii ρA and ρB at respective points A and B of elliptical centrode for
teeth 1 and 10 (Fig. 3.3.1).

The idea of local representation of a noncircular gear is useful for an approxi-
mate solution of avoidance of undercutting of noncircular gears (see Section 4.3.2.2).

3.4 Pressure Angle

The conditions of force transmission by noncircular gears are varied in the process
of motion due to variation of orientation of profile normal. Analysis of force trans-
mission by noncircular gears require estimation of the range of the pressure angle,
which is illustrated by drawings of Fig. 3.4.1. The drawings show that (i) the tooth
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Figure 3.4.1. Illustration of the pressure angle of noncircular gears.

profiles are in contact at point I , the instantaneous center of rotation; (ii) the driving
and driven gears are loaded with torques m1 and m2, respectively; and (iii) reaction
R(12)

n is transmitted to the driven profile and is directed along the common normal
to the tooth profiles (friction of profiles is neglected).

Figure 3.4.2. Variation of the pressure angle α12 at position of gears shown in (a), (b), and
(c).
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3.4 Pressure Angle 39

The pressure angle α12 (Fig. 3.4.1) is formed by R(12)
n and the velocity vI2 of the

driven point. It is given by

α12(θ1) = µ(θ1) + αc − π

2
(3.4.1)

wherein the driving profile is the left-side one, as shown in Fig. 3.4.1, and

α12(θ1) = µ(θ1) − αc − π

2
(3.4.2)

wherein the driving profile is the right-side one.
The pressure angle is varied in the process of meshing due to change of angle µ

(due to the change of orientation of the tangent to the centrodes). Figure 3.4.2 illus-
trates the variation of the pressure angle. Figures 3.4.2(a), (b), and (c) show pressure
angles α12 > 0, α12 = 0, α12 < 0; the tangent to the centrodes and velocity vI2 are de-
noted in drawings by 1 and 2, respectively (see graphs of variation of pressure angle
α12 for elliptical gears in Figs. 4.3.4 and 4.3.5).
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4 Elliptical Gears and Gear Drives

4.1 Introduction

The contents of the chapter cover:

(1) The concept of conventional elliptical and modified elliptical centrodes.
(2) Computerized design of gear drives with conventional and modified elliptical

centrodes.
(3) Application of theory of planar gearing for advanced design: (i) avoidance of

undercutting, and (ii) functional for obtaining identical centrodes.

4.2 Basic Concepts

4.2.1 Ellipse Parameters

Figure 4.2.1 shows (i) the major and minor axes of an ellipse denoted as 2a and 2b,
(ii) focuses F and F ∗ of distance 2c < 2a, and (iii) chordal distance 2p. The main
feature of the ellipse is that two position vectors |F M| = r1 and |F ∗M| = r∗

1 are
related as

r1 + r∗
1 = 2a (4.2.1)

It follows from Eq. (4.2.1) that an ellipse may be traced out by point M of thread
F ∗ − M − F (Fig. 4.2.1) by variation of the location of point M on the ellipse to be
generated.

Using Eq. (4.2.1) and drawings of Figs. 4.2.2(a) and 4.2.2(b), it is easy to verify
that

b =
√

a2 − c2 = a
√

1 − e2 (4.2.2)

p = a(1 − e2) (4.2.3)

where e = c
a

is the so-called ellipse eccentricity.

40
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Figure 4.2.1. Generation of ellipse by point M of thread
F ∗ − M − F .

4.2.2 Polar Equation of an Ellipse

The polar equation of an ellipse represents ellipse point Mi (i = 1, 2) by the position
vector r1(θ1) that is drawn from the respective focus of the ellipse. Henceforth, we
will consider two polar equations of an ellipse that correspond to the drawings of
Fig. 4.2.3(a), where the polar axis is F A1 and the position vector is F M1 = r1(θ1),
and Fig. 4.2.3(b), where the polar axis is F ∗ A2 and the position vector is F ∗M2 =
r1(θ1). Angle θ1 in Figs. 4.2.3(a) and (b) is measured clockwise and is formed by the
polar axes F A1 and F ∗ A2, and position vectors |F M1| and |F ∗M2|, respectively.

Figure 4.2.2. For derivation of relations between parameters a, b, p (a) for derivation of b;
(b) for derivation of p.
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Figure 4.2.3. For derivation of polar equation of an ellipse for the following conditions: (a)
the polar axis is F A1 and the position vector F M1 = r1(θ1); (b) the polar axis is F ∗ A2 and the
position vector is F ∗ M2 = r1(θ1).

Drawings of Fig. 4.2.3(a) yield

|F ∗ D|2 + |DM1|2 = |F ∗M1|2 (4.2.4)

Here,

|F ∗ D| = 2c − r1(θ1) cos θ1 (4.2.5)

|DM1| = r1(θ1) sin θ1 (4.2.6)

|F ∗M1| = r∗
1 (θ1) = 2a − r1(θ1) (4.2.7)

as follows from Eq. (4.2.1). Equations from (4.2.4) to (4.2.7), after some transforma-
tions, yield

r1(θ1) = a2 − c2

a − c cos θ1
(4.2.8)

Taking into account in Eq. (4.2.8) that e = c/a and p = a(1 − e2), we can obtain
the following expression of the polar equation of the ellipse:

r1(θ1) = p
1 − e cos θ1

(4.2.9)

where the polar axis is F A1 and the pole is the focus F of the ellipse (Fig. 4.2.3(a)).
Figure 4.2.3(b) illustrates the derivation of the polar equation of the ellipse,

wherein the pole is focus F ∗. The drawings show that

|F D∗|2 + |D∗M2|2 = |F M2|2 (4.2.10)
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Here,

|F D∗| = 2c + r1(θ1) cos θ1 (4.2.11)

|D∗M2| = r1(θ1) sin θ1 (4.2.12)

|F M2| = r∗
1 (θ1) = 2a − r1(θ1) (4.2.13)

Equations from (4.2.10) to (4.2.13), after some transformations, yield the fol-
lowing expression of the polar equation of the ellipse:

r1(θ1) = p
1 + e cos θ1

(4.2.14)

where the polar axis is F ∗ A2 and the pole is the focus F ∗ of the ellipse (Fig. 4.2.3(b)).

4.3 External Elliptical Gear Drives

The term “external” means that the driving and driven centrodes, σ1 and σ2, are
in external meshing. Internal gear drives are considered in Chapter 7, wherein the
driven centrode σ2 is in internal meshing with driving centrode σ1.

The following types of centrodes for external gear drives are considered: (i)
conventional elliptical centrodes (Sections 4.3.2 and 4.3.3), (ii) modified elliptical
centrodes (Section 4.3.4), (iii) oval centrodes (Section 4.3.5), and (iv) centrodes with
lobes (Section 4.3.6).

A conventional elliptical centrode is obtained from a conventional ellipse rep-
resented by polar equation (4.2.9), wherein the polar axis is F A1 and the pole is the
focus F of the ellipse (Fig. 4.2.3(a)), or by polar equation (4.2.14), wherein the polar
axis is F ∗ A2 and the pole is the focus F ∗ of the ellipse (Fig. 4.2.3(b)).

A modified elliptical centrode is obtained from a conventional ellipse, wherein
the respective position vectors of the ellipse and modified centrode have the same
magnitude but different polar angles (see Section 4.3.4). An oval centrode is ob-
tained from a conventional ellipse as well by the modification described previously
(Section 4.3.5). A gear or centrode with lobes is formed by arcs of a modified ellipse
(Section 4.3.6).

Design of gear drives with elliptical centrodes (conventional or modified) will
cover the case wherein the pinion performs n revolutions for one revolution of the
driven gear. The centrodes of the gear drives might be designed with closed or non-
closed centrodes.

4.3.1 Basic Equations

The basic equations applied for the design of external elliptical gear drives are as
follows:

Step 1. The driving centrode is represented in polar form by

r1(φ1), 0 ≤ φ1 ≤ 2πn (4.3.1)
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if the pinion performs n revolutions for one revolution of the driven centrode;
φ1 is the angle of rotation of the pinion that is measured opposite to parameter
θ1.

Step 2. The derivative function m21(φ1) is represented by

m21(φ1) = dφ2

dφ1
= r1(φ1)

r2(φ1)
= r1(φ1)

E − r1(φ1)
(4.3.2)

where E = r1(φ1) + r2(φ1) is the center distance. Similarly, derivative function
m12(φ1) is represented by

m12(φ1) = dφ1

dφ2
= r2(φ1)

r1(φ1)
= E − r1(φ1)

r1(φ1)
(4.3.3)

The meaning of Eqs. (4.3.2) and (4.3.3) is that centrodes σ1 and σ2 roll over each
other. Function m21(φ1) must be a periodic one to obtain a closed form curve
(see Section 2.6).

Step 3. Determination of center distance E. It follows from Eqs. (4.3.2) that

φ2(φ1) = 2π

n
=
∫ 2π

0
m21(φ1)dφ1 =

∫ 2π

0

r1(φ1)
E − r1(φ1)

dφ1 (4.3.4)

where n is an integer number and represents the number of revolutions of
the driving centrode for one revolution of the driven centrode. The sought-for
center distance is determined as the solution of Eq. (4.3.4) for E = E(a, e, n),
where 2a is the magnitude of the major axis of the elliptical centrode σ1 and e is
the eccentricity.

It will be proven that

E = E(a, e, n) (4.3.5)

is the same for elliptical, modified elliptical, or oval gear drives as well as for
gears with lobes. Determination of E for gear drives mentioned here is obtained
analytically by application of Eq. (2.6.5) provided by Dwight (Dwight, 1961).

Step 4. Determination of centrode σ2. Centrode σ2 is determined by the equa-
tions

r2(φ1) = E − r1(φ1) (4.3.6)

φ2(φ1) =
∫ φ1

0
m21(φ1)dφ1 (4.3.7)

Equation (4.3.7) represents the transmission function φ2(φ1) that may be ob-
tained numerically, or analytically by using Eq. (2.6.6) provided by Dwight
(Dwight, 1961).
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Figure 4.3.1. Illustration of two initial positions of gear 1 and 2 where O1 is (a) the lower
focus of ellipse 1; (b) the upper focus of ellipse 1.

4.3.2 Conventional Elliptical Gear Drives

4.3.2.1 Centrodes and Transmission Function
A conventional elliptical gear drive is formed by two elliptical gears that may be
assembled as shown in Figs. 4.3.1(a) or 4.3.1(b). Figure 4.3.1(a) shows a gear drive
wherein center O1 of rotation of centrode σ1 coincides with the lower focus F of
ellipse 1. On the other side, Figure 4.3.1(b) shows a gear drive wherein center O1 of
rotation of centrode σ1 coincides with the upper focus F ∗ of ellipse 1 (see Section
4.2.2). The polar axes F A1 and F ∗ A2 (Fig. 4.2.3) are directed along center distance
O1 O2 (Fig. 4.3.1).

Figure 4.3.2 shows an elliptical centrode that performs rotation around center
O1 (it is the lower focus F of ellipse 1). We recall that the instantaneous point I of
tangency of centrode 1 and centrode 2 (centrode 2 is not shown) moves along center
distance O1 O2 (Fig. 4.3.2) in the process of motion. The center distance is E = 2a,
where 2a is the major axis of mating elliptical centrodes 1 and 2.

Centrode σ1 (Figs. 4.3.1(a) and 4.3.2) is represented by

r1(φ1) = p
1 − e cos φ1

= a(1 − e2)
1 − e cos φ1

(4.3.8)
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Figure 4.3.2. For derivation of transmission func-
tion φ2(φ1) of elliptical gears.

The derivative function m12(φ1) is determined as

m12(φ1) = dφ1

dφ2
= r2(φ1)

r1(φ1)
= E − r1(φ1)

r1(φ1)
(4.3.9)

where r2(φ1) determines the magnitude r2(φ1) = O2 I (Fig. 4.3.2). Taking into ac-
count Eq. (4.3.8), E = 2a, and p = a(1 − e2), we obtain

m12(φ1) = 1 + e2 − 2e cos φ1

1 − e2
(4.3.10)

The sought-for transmission function may then be represented as

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
= (1 − e2)

∫ φ1

0

dφ1

1 + e2 − 2e cos φ1
(4.3.11)

We obtain transmission function φ2(φ1) as a closed form solution as follows (Dwight,
1961):

tan
φ2

2
= 1 + e

1 − e
tan

φ1

2
(4.3.12)

The transmission function represented in Eq. (4.3.12) corresponds to the assem-
bly positions of centrodes as shown in Fig. 4.3.1(a). For assembly as shown in Fig.
4.3.1(b), we obtain

tan
φ2

2
= 1 − e

1 + e
tan

φ1

2
(4.3.13)

The graph of transmission function φ2(φ1) given by Eq. (4.3.12) is represented
by Fig. 4.3.3. The function is formed by branches (I, I I), and (I I I, I V) that are
respectively symmetrical.
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Figure 4.3.3. Transmission function φ2(φ1)
for elliptical gears with e = 0.4.

Centrode σ2 is represented by

r2(φ1) = E − r1(φ1) = 2a − a(1 − e2)
1 − e cos φ1

(4.3.14)

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
= (1 − e2)

∫ φ1

0

dφ1

1 + e2 − 2e cos φ1
(4.3.15)

4.3.2.2 Influence of Ellipse Parameters and Design Recommendations
VARIATION OF PRESSURE ANGLE α12. The pressure angle α12 of noncircular gears has
been determined in Section 3.4 by Eqs. (3.4.1) and (3.4.2). It was shown by Fig. 3.4.2
that the sign of α12 may be changed in the process of transformation of motions.
Figures 4.3.4 and 4.3.5 in addition to Fig. 3.4.2 show the change of magnitude of
α12 for elliptical gears with various values of eccentricity of the ellipse. It results
from investigation of α12 that it is necessary to limit the eccentricity of the ellipse
to keep α12 in the range −50◦ ≤ α12 ≤ 50◦. Function α12max(e) (Fig. 4.3.6) shows the
influence of ellipse eccentricity. Reduction of magnitude of α12 may be obtained by
design of gear drives with more than one stage.

AVOIDANCE OF UNDERCUTTING. The approach is based on the idea of local repre-
sentation of profiles of noncircular gears by profiles of a set of circular gears (see
Section 3.3 and Fig. 3.3.1). The computational procedure is as follows:

(i) We determine the minimal radius ρmin of curvature of an elliptical centrode at
point A in Fig. 4.3.7 as

ρmin = b2

a
= a(1 − e2) (4.3.16)
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Figure 4.3.4. Variation of pressure angle α12 for location of rotation center in lower ellipse
focus.

(ii) Undercutting of involute gear of radius R = ρmin is avoided, if the tooth num-
ber N is N > N∗, where

N∗ = 2

sin2 αc
(4.3.17)

where αc is the profile angle of the rack cutter.
(iii) Consider that the module of the rack cutter is m. Then we obtain the pitch ra-

dius of the substituting involute gear as ρA = (mN)/2. Undercutting is avoided
if

mN∗

2
≤ ρmin = a(1 − e2) (4.3.18)

Figure 4.3.5. Variation of pressure angle α12 for location of rotation center in upper ellipse
focus.
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Figure 4.3.6. Maximal value α12max of pressure angle.

This yields the following condition of avoidance of undercutting of elliptical
gears as

m
a

≤ (1 − e2) sin2 αc (4.3.19)

The developed approach may be applied for other types of noncircular gears, but it
needs determination of the minimal curvature radius of the centrode of the gear.

APPLICATION OF ODD TOOTH NUMBER OF ELLIPTICAL GEARS. While choosing the lin-
ear dimensions of elliptical gears, it is required that the length L of the centrode of
an elliptical gear will be equal to

L = πmN (4.3.20)

where m is the module of the tool and N the number of teeth of the elliptical gear.

Figure 4.3.7. For determination of minimal curvature radius ρmin of elliptical centrode.
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Figure 4.3.8. Illustration of compensation for error of installment �xi of generating tool.

Figure 4.3.8(a) illustrates that the axis of symmetry of the tooth of the generat-
ing rack cutter is dislocated on distance �xi (i = 1, 2) due to an error of installment,
while gears 1 and 2 are being generated. Compensation of the error �xi of the in-
stallment of the tool requires (i) to choose an odd number of teeth for both elliptical
gears 1 and 2, and (ii) make a turn of 180◦ about O1 O2 of one of the gears in the as-
sembly. This statement is based on the following considerations:

(i) It is assumed that the same hob (rack cutter) is applied for generation of the
mating elliptical gears and they have the same number of teeth.
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(ii) Figure 4.3.8(a) shows the error �xi of installment of the rack cutter with respect
to line Oi A. The center distance of the gears after their assembly will coincide
with Oi A.

(iii) Figure 4.3.8(b) shows the location of the tooth of the rack cutter after its dis-
placement a distance

L∗ = πmN
2

(4.3.21)

where N is the odd number of teeth of the elliptical gear. Here L∗ is measured
from the initial position of the rack cutter shown in Fig. 4.3.8(a). We recall that
�xi denotes the displacement of the axis of symmetry of the space of the rack
cutter (Fig. 4.3.8(a)) and �x∗

i denotes the displacement of the tooth of the rack
cutter (Fig. 4.3.8(b)) after a rack cutter translation of magnitude L∗.

(iv) Figure 4.3.8(c) shows that the axes of symmetry of the respective space and
tooth of the rack cutter do not coincide, although |�xi | = |�x∗

i |. The compen-
sation of the error of installment of the rack cutter will be achieved after one
of the mating gears is turned on 180◦ around O1 O2, as shown in Fig. 4.3.8(c).

TOOTH NUMBER OF ELLIPTICAL GEARS. The number of teeth that might be provided
for an elliptical gear is determined by the parameters of the ellipse (dimensions of
major and minor axes a and b) and the module m. The first step of the computational
procedure is the determination of the length of the elliptical centrode considering
the ellipse as the pitch curve.

To determine the length of the elliptical centrode, it is preferable to represent
the centrode in parametric form as

x = a sin ψ, y = b cos ψ (4.3.22)

The arc ds of the ellipse is represented as

ds =
√

dx2 + dy2 =
√

a2 cos2 ψ + b2 sin2 ψdψ = a
√

1 − e2 sin2 ψdψ (4.3.23)

The length of an arc of the centrode is determined by

s = a
∫ ψ

0

√
1 − e2 sin2 ψdψ, e =

√
a2 − b2

a
= c

a
(4.3.24)

The integral ∫ ψ

0

√
1 − e2 sin2 ψdψ (4.3.25)

has found a broad application in astronomy as the elliptic integral of second kind
and may be calculated numerically.

The number of teeth of an elliptical gear is determined by

N = 4a
mπ

∫ π
2

0

√
1 − e2 sin2 ψdψ (4.3.26)
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where mπ is the distance between the neighboring teeth measured along the cen-
trode. Considering that module m is of a standard value, we may obtain an integer
number N of teeth by taking a proper magnitude for a. Considering that the ellipti-
cal centrode is represented by

r(θ) = a(1 − e2)
1 + e cos θ

(4.3.27)

we obtain the following relation between parameters ψ and θ :

cos θ = sin ψ − e
1 − e sin ψ

(4.3.28)

4.3.3 Gear Drive with Elliptical Pinion and Conjugated Gear

The difference with the gear drive of previous section is that pinion σ1 performs not
one but n revolutions for one revolution of gear σ2. To obtain σ2 as a closed-form
curve, the center distance E must satisfy the equation derived in Section 2.6.

The computational procedure is based on the following equations:

(1) Centrode σ1 is determined as

r1(φ1) = a(1 − e2)
1 − e cos φ1

(4.3.29)

(2) Center distance E is determined as (see Problem 2.6.1 in Section 2.6)

E = a
[

1 +
√

1 + (n2 − 1)(1 − e2)
]

(4.3.30)

It may be noticed that for n = 1, E = 2a, as considered for conventional ellipti-
cal gear drives.

(3) The derivative function is

m21(φ1) = r1(φ1)
E − r1(φ1)

=
(

1
n

)
1 − e2

1 − 2e cos φ1 + e2
(4.3.31)

(4) Centrode σ2 is represented by equations

r2(φ1) = E − r1(φ1) (4.3.32)

φ2(φ1) =
∫ φ1

0
m21(φ1)dφ1 (4.3.33)

where φ2(φ1) is the transmission function. After derivations, we obtain

tan
nφ2

2
= 1 + e

1 − e
tan

φ1

2
(4.3.34)

We emphasize that the centrode of gear 1 is a conventional ellipse, but the cen-
trode of gear 2 for n �= 1 is a transformed ellipse.

Figures 4.3.9(a) and 4.3.9(b) illustrate the centrodes of two gear drives in which
centrode σ1 is represented as a conventional ellipse that performs two and three
revolutions, respectively, for one revolution of centrode σ2.
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Figure 4.3.9. Illustration of conjugation of a conventional ellipse (e = 0.35) with the conju-
gated transformed ellipse for (a) n = 2 and (b) n = 3.

4.3.4 External Gear Drive with Modified Elliptical Gears

Modification of the centrodes enables obtaining an asymmetric derivative function
m21(φ1) = ω(2)/ω(1) of the gear ratio of the gear drive (Fig. 4.3.10). The interval
I : 0 ≤ φ1 ≤ π/mI (π/mI < π) corresponds to the free-running part of the cycle
(faster), and the interval I I : π/mI ≤ φ1 ≤ 2π corresponds to the working part of
the cycle (slower). Application of a gear drive with gears having such centrodes is
useful for tandem design with a linkage (see Section 10.6.2) for variation of the out-
put speed.

4.3.4.1 Modification of the Ellipse
The modified elliptical centrode of the driving gear 1 is formed by two branches, I
and I I (Fig. 4.3.11). The transformation of the conventional elliptical centrode into
two modified branches is performed with observation of the following relations:

Figure 4.3.10. Asymmetric function m21(φ1) of gear ratio of modified elliptical gears.
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Figure 4.3.11. Illustration of modification of ellipse for obtaining the centrode of gear 1:
(a) change of polar angle from φ1 to φ1

mI
; (b) change of polar angle from (2π − φ1) to ( 2π−φ1

mI I
);

(c) illustration of the two branches σ
(I)
1 and σ

(I I)
1 of the modified centrode.



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

4.3 External Elliptical Gear Drives 55

(i) The initial and modified vector of the upper branch (Fig. 4.3.11(a)) are O1 A1

and O1 A2, wherein |O1 A2| = |O1 A1|, but the polar angle is changed from φ1

to φ1/mI , where mI is the coefficient of modification of the branch I of the
ellipse.

(ii) Similarly, for the other branch of the centrode (Fig. 4.3.11(b)) we have |O1 B2| =
|O1 B1| but the polar angle for position vector O1 B2 is changed from 2π − φ1 to
(2π − φ1)/mI I . The coefficients of modification mI and mI I are related by

mI I = mI

2mI − 1
(4.3.35)

This yields that the two branches (Figs. 4.3.11(a) and 4.3.11(b)) have a common
point at φ1 = π/mI .

Modified centrode σ1 is formed by curves σ
(I)
1 and σ

(I I)
1 (Fig. 4.3.11(c)) that are

in tangency at their common point.

4.3.4.2 Derivation of Modified Centrode σ1

The polar equation of a conventional ellipse is represented as

r1(φ1) = p
1 − e cos φ1

, 0 ≤ φ1 ≤ 2π (4.3.36)

The two branches of the modified ellipse are represented with

r (I)
1 (φ1) = p

1 − e cos(mI φ1)
, 0 ≤ φ1 ≤ π

mI
(4.3.37)

r (I I)
1 (φ1) = p

1 − e cos(mI I (2π − φ1))
,

π

mI
≤ φ1 ≤ 2π (4.3.38)

Here, p = a(1 − e2).

4.3.4.3 Derivative Functions m( I )
21(φ1) and m( I I )

21 (φ1)
The derivation is based on the following relations:

m21(φ1) = ω(2)

ω(1)
= r1(φ1)

r2(φ1)
= r1(φ1)

E − r1(φ1)
(4.3.39)

We then obtain

m(I)
21 (φ1) = p

E − p − Ee cos(mI φ1)
, 0 ≤ φ1 ≤ π

mI
(4.3.40)

m(I I)
21 (φ1) = p

E − p − Ee cos(mI I (2π − φ1))
,

π

mI
≤ φ1 ≤ 2π (4.3.41)

4.3.4.4 Relation between Rotations of Gears 1 and 2
Rotations of gear 1 and 2 are related by

2π = n

[∫ π/mI

0
m(I)

21 (φ1)dφ1 +
∫ 2π

π/mI

m(I I)
21 (φ1)dφ1

]
(4.3.42)
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The meaning of Eq. (4.3.42) is that pinion 1 (centrode σ1) will perform n revolutions
for one revolution of gear 2 (centrode σ2).

The following derivations are based on the change of variables:

mI φ1 = x, dφ1 = dx
mI

(4.3.43)

mI I (2π − φ1) = y, dφ1 = − dy
mI I

(4.3.44)

Then, Eq. (4.3.42) may be represented as

2π

n
=
(

p
E − p

)[(
1

mI

)∫ π

0

dx
1 − q cos x

+
(

1
mI I

)∫ π

0

dy
1 − µ cos y

]
(4.3.45)

where q = µ = Ee
E − p

.

From the tables of integrals provided by Dwight (Dwight, 1961) (see Eq.
(2.6.5)), we obtain∫ π

0

dx
1 − q cos x

= π√
1 − q2

,

∫ π

0

dy
1 − µ cos y

= π√
1 − µ2

(4.3.46)

It follows as well from (4.3.35) that

1
mI

+ 1
mI I

= 2 (4.3.47)

The solution of Eq. (4.3.45) for E = E(a, e, n) yields the same equation for
the center distance as the one obtained for a gear drive with conventional ellipti-
cal gears:

E = a[1 +
√

1 + (n2 − 1)(1 − e2)] (4.3.48)

4.3.4.5 Derivation of Centrode σ2

The branches of centrode σ2 are represented by

r (I)
2 (φ1) = E − r (I)

1 (φ1)

φ
(I)
2 (φ1) =

∫ φ1

0
m(I)

21 (φ1)dφ1, 0 ≤ φ1 ≤ π

mI
(4.3.49)

r (I I)
2 (φ1) = E − r (I I)

1 (φ1)

φ
(I I)
2 (φ1) =

∫ φ1

0
m(I I)

21 (φ1)dφ1,
π

mI
≤ φ1 ≤ 2π (4.3.50)

The transmission functions φ
(i)
2 (φ1), (i = I, I I), may be obtained by numerical inte-

gration or analytically by using Eq. (2.6.6) (Dwight, 1961) for a function

f (x) = 1
a ± b cos x
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Figure 4.3.12. Illustration of original and modified ellipses and transformation of point A, B,
C, and D of original ellipses into points A′, B′, C ′, and D′ of modified ellipses.

Drawings of Fig. 4.3.12 show the centrodes obtained for parameter mI = 3/2,
n = 1, e = 0.5. The drawings of Fig. 4.3.12 illustrate the transformation of points A,
B, C, D of original ellipses to points A′, B′, C ′, D′ of modified ellipses.

Drawings of Fig. 4.3.13 show the centrodes obtained for parameter mI = 3/2,
e = 2/

√
67 for the following cases of design: (a) n = 1, (b) n = 2, and (c) n = 3.

Drawings of Fig. 4.3.14 show the centrodes obtained for the same cases of design,
wherein the ellipse eccentricity e = 0.5 and mI = 3/2.

4.3.5 External Gear Drive with Oval Centrodes

4.3.5.1 Equation of Oval Centrode
An oval centrode is obtained by transformation of a conventional ellipse (see Sec-
tion 4.3.4) based on application of a parameter of modification mI as an integer
mI = 2. Such oval gears with mI = 2 and n = 1 have found application in the past in
flow meters for measuring the discharge of liquids (Fig. 4.3.15).

The centrode of an oval gear is represented by

r1(φ1) = a(1 − e2)
1 − e cos 2φ1

= p
1 − e cos 2φ1

(4.3.51)

The driven centrode 2 is represented by

r2(φ1) = E − r1(φ1) = E − p
1 − e cos 2φ1

(4.3.52)

We will consider gear drives wherein gear 1 performs one or n revolutions for
one revolution of the driven gear.
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Figure 4.3.13. Centrodes of gears with modified ellipses: mI = 3/2, e = 2/
√

67 and (a) n = 1,
(b) n = 2, and (c) n = 3.

4.3.5.2 Derivative Function m21(φ1)
Following the procedure discussed in Section 4.3.4.3, we determine

m21(φ1) = dφ2

dφ1
= r1(φ1)

E − r1(φ1)
(4.3.53)

as

m21(φ1) = p
E − p − Ee cos 2φ1

(4.3.54)

4.3.5.3 Relation between Rotations of Gears 1 and 2
This relation is represented as

2π = n
∫ 2π

0

p
E − p − Ee cos 2φ1

dφ1 =
(

np
E − p

)∫ 2π

0

dφ1

1 −
(

Ee
E − p

)
cos 2φ1

(4.3.55)
The variable φ1 is changed for x wherein

2φ1 = x, dφ1 = dx
2

(4.3.56)
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Figure 4.3.14. Centrodes of gears with modified ellipses: mI = 3/2, e = 0.5 and (a) n = 1,
(b) n = 2, and (c) n = 3.

which yields

2π =
(

np
E − p

)(
4
2

)∫ π

0

dx
1 − q cos x

(4.3.57)

where q = Ee
E − p

. By applying Eq. (2.6.5) provided by Dwight (Dwight, 1961) and

after simple derivations, we obtain equation E = E(a, e, n) as

E = a[1 +
√

1 + (n2 − 1)(1 − e2)] (4.3.58)

which is the same as Eq. (4.3.48).

Figure 4.3.15. Oval gears in a flow meter.
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Figure 4.3.16. Illustration of gear drives with oval gears: (a) two oval gears wherein e = 1/3
and n = 1; (b) oval gear with conjugated modified oval driven gear wherein e = 1/

√
57 and

n = 2.

4.3.5.4 Transmission Function φ2(φ1)
Transmission function φ2(φ1) is represented as

φ2(φ1) =
∫ φ1

0

p
E − p − Ee cos 2φ1

dφ1 (4.3.59)

We can consider Eq. (4.3.59) in the following form:∫ φ1

0

p
E − p − Ee cos 2φ1

dφ1 =
∫ x

0

dx
b + c cos ax

(4.3.60)

where a = 2, b = E − p, and c = −Ee. By applying Eq. (2.6.6) provided by Dwight
(Dwight, 1961), we obtain that Eq. (4.3.60) for n = 1 yields

tan φ2 = 1 + e
1 − e

tan φ1 (4.3.61)

For the case when n ≥ 2, Eq. (4.3.61) is generalized as

tan φ2 =
√

1 + (n2 − 1)(1 − e2) + e
n(1 − e)

tan φ1 (4.3.62)

Centrodes of oval gears shown in Fig. 4.3.16(a) are designed for the ratio of
revolutions n = 1 and eccentricity of the original ellipse e = 1/3, which allows for
providing convexity of the centrode. The centrodes of Fig. 4.3.16(b) correspond to
the case when e = 1/

√
57 for avoidance of concavity of centrode 2 and n = 2 (revo-

lutions of centrode 1 for one revolution of centrode 2).

4.3.6 Design of Noncircular Gears with Lobes

The term lobe used in technical literature has been adapted from anatomy to em-
phasize that the noncircular gear has several parts. An example of a noncircular gear
that has three lobes is shown in Fig. 4.3.17.
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Figure 4.3.17. Illustration of a noncircular gear
with three lobes.

From such a point of view, an oval gear may be also considered as a noncircular
gear with two lobes. The noncircular gears with lobes that are considered in this
section have three or more lobes. We consider the profiles of lobes obtained by
modification of ellipses (see ellipse modification in Section 4.3.4).

The driving and driven pinion and gear designed by ellipse modification are in
a mixed external-internal meshing. There is a possibility to generate the lobes as
gears by application of a shaper with a small number of teeth as done for internal
noncircular gears.

This section covers design of noncircular gears with lobes based on the appli-
cation of conjugated centrodes. Using derivations similar to those applied for oval
centrodes, we obtain the following generalized system of equations for the design of
noncircular gears with lobes:

r1(φ1) = p
1 − e cos m1φ1

= a(1 − e2)
1 − e cos m1φ1

(4.3.63)

E = a
[

1 +
√

1 + (n2 − 1)(1 − e2)
]

(4.3.64)

r2(φ1) = E − r1(φ1) (4.3.65)

tan
m2φ2

2
=
√

1 + (n2 − 1)(1 − e2) + e
n(1 − e)

tan
m1φ1

2
(4.3.66)

Here, m1 and m2 are the number of lobes of gear 1 and gear 2, respectively, and

n = m2

m1
is the ratio of related revolutions of gears 1 and 2.

Figure 4.3.18 shows examples of centrodes of noncircular gears with lobes for
(a) n = 1 and m1 = {1, 2, 3, 4}; (b) n = 2 and m1 = {1, 2, 3}; (c) n = 3 and m1 = {1, 2}.
For all cases represented, the ellipse eccentricity e = 0.6.
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Figure 4.3.18. Examples of centrodes of noncircular gears with lobes: (a) n = 1 and m1 =
{1, 2, 3, 4}; (b) n = 2 and m1 = {1, 2, 3}; (c) n = 3 and m1 = {1, 2}.
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4.3.6.1 Design of Gear Drives with Different Number of Lobes for Pinion
and Gear
Let us consider that the pinion is formed by three lobes and the gear is formed by
four lobes. The procedure of design of such gear drive is as follows:

Step 1. Polar Equation of Pinion 1.
The equation is based on transformation of a conventional ellipse (see Section
4.3.2) and is represented as

r1(φ1) = p
1 − e cos 3φ1

, p = a(1 − e2), 0 ≤ φ1 ≤ 2π (4.3.67)

In comparison with an oval gear, the coefficient of modification is 3 but not 2.
The coefficient of modification affects the magnitude of the polar angle of the
radius vector, and therefore the shape of the lobe differs substantially from the
shape of the ellipse and oval gear. The profiles of all three lobes of the pinion
are identical.

The following derivations are directed toward determination of the center dis-
tance E between the pinion 1 and gear 2, and derivation of the equation of
the gear centrode that is formed by four lobes. The applied procedure is repre-
sented as a sequence of steps.

Step 2. Determination of Derivative Function m21(φ1).
Function m21(φ1) is determined by application of

m21(φ1) = dφ2

dφ1
= r1(φ1)

r2(φ2)
= r1(φ1)

E − r1(φ1)
(4.3.68)

where r2(φ1) represents the radius vector of the gear centrode. Observation of
Eq. (4.3.68) guarantees that the pinion-gear centrodes roll over each other be-
cause the relative velocity is equal to zero.

Equations (4.3.67) and (4.3.68) yield the following expression of m21(φ1):

m21(φ1) = p
E − p − Ee cos 3φ1

=
(

p
E − p

)(
1

1 − q cos 3φ1

)
, q = Ee

E − p

(4.3.69)

Step 3. Determination of Relation between Revolutions of Pinion and Gear.
We consider in our example that the pinion and gear are provided with three
and four lobes, respectively, and therefore the pinion performs four revolutions
for three revolutions of the gear. This yields

2π = n
∫ 2π

0
m21(φ1)dφ1 = n

(
p

E − p

)(
1
3

)∫ 2π

0

d(3φ1)
1 − q cos(3φ1)

, n = 4
3

(4.3.70)

The following derivations are directed towards determination of the definite
integral (4.3.70) by using the tables of integrals by Dwight (Dwight, 1961). The
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Figure 4.3.19. Illustration of gear drive with three-lobe pinion and four-lobe gear for the
following values of eccentricity of the ellipse: (a) e = 0.2, (b) e = 0.4, and (c) e = 0.6.

derivations are based on a change of variable by using

3φ1 = x, dx = dφ1

3
(4.3.71)

and the result of the following integral provided by Dwight (Dwight, 1961):∫ π

0

dx
1 − q cos x

= π√
1 − q2

(4.3.72)

Finally, we obtain the function

E = E(a, e, n), n = 4
3

(4.3.73)

as

E = a[1 +
√

1 + (n2 − 1)(1 − e2)], n = 4
3

(4.3.74)

Equation (4.3.74) represents an extension of the previous formulation for de-
termination of E for the case when n is not an integer number but a ratio of
gear-pinion lobes that differs from an integer number.

Step 4. Derivation of Centrode of Driven Gear. Driven gear 2 is represented by
four lobes, and each lobe is determined by

r2(φ1) = E − r1(φ1) = E − p
1 − e cos(m1φ1)

, (m1 = 3) (4.3.75)

φ2(φ1) = n
(

p
E − p

)
1
3

∫ φ1

0

d(m1φ1)
1 − q cos(m1φ1)

, (m1 = 3) (4.3.76)
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Figure 4.4.1. Set of points Mi (i = 1, · · · , 5) chosen
for determination of function φ2(φ1) as the curve of
second order.

Transmission function φ2(φ1) may be determined analytically, using Eq. (2.6.6)
provided by Dwight (Dwight, 1961), or numerically, by integration of Eq.
(4.3.76).

Figure 4.3.19 represents several examples of gear drives for different values of
the eccentricity wherein the pinion has three lobes and the gear has four lobes.

4.4 Transmission Function of Elliptical Gears as Curve of Second Order

Transmission function φ2(φ1) of elliptical gears has been represented in closed form
by Eq. (4.3.12) (see as well Eq. (4.3.13)). Our goal is to prove that φ2(φ1) for a gear
drive with identical ellipses is a curve of second order, particularly, a hyperbola. The
proof is based on the following procedure:

Step 1. It is known from analytical geometry that curve σ of second order may
be represented in coordinate system S(x, y) by an equation of the following
structure (Korn & Korn, 1968):

a11x2 + 2a12xy + a22 y2 + 2a13x + 2a23 y + a33 = 0 (4.4.1)

Curve σ may be determined by choosing five points, but any four of these five
points should not belong to a straight line.
Step 2. The procedure is applied for transmission function φ2(φ1) determined
by Eq. (4.3.12). The chosen five points belong to branches I and I I and are
represented by Fig. 4.4.1 as the set of points Mi (i = 1, · · · , 5). Thus,

M1

(
− π√

2
, 0
)

, M2

(
π√

2
, 0
)

, M3

(
− π

2
√

2
, y3

)
, M4

(
π

2
√

2
, y4

)
, M5 (0, y5)

(4.4.2)

Here, y4 = y3 because branches I and I I are symmetrical.

Points Mi (i = 1, · · · , 5) must belong to the sought-for curve σ (of second
order), and this is stated as observation of a system of five linear equations.
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The derivation of five linear equations is based on Eq. (4.4.1). Thus, we have

a11x2
i + 2a12xi yi + a22 y2

i + 2a13xi + 2a23 yi + a33 = 0 (i = 1, · · · , 5) (4.4.3)

The unknowns in Eq. (4.4.3) are the coefficients ak� (k = 1, 2, 3; � = 1, 2, 3).

Step 3. The solutions of Eq. (4.4.3) for ak� yield

a11 = − 2
π2

a33,

a22 =
3
2 y5 − 2y3

2y3 y5(y5 − y3)
a33,

a23 = −
3
2 y2

5 − 2y2
3

4y3 y5(y5 − y3)
a33,

a12 = a13 = 0

(4.4.4)

Step 4. We consider now that a point with coordinates (x, y) belongs to the
sought-for curve σ of second order. We may then represent σ by using Eq.
(4.4.1) and coefficients (4.4.4) as follows

2
π2

x2 −
3
2 y5 − 2y3

2y3 y5(y5 − y3)
y2 +

3
2 y2

5 − 2y2
3

2y3 y5(y5 − y3)
y = 1 (4.4.5)

Observation of Eq. (4.4.5) is the proof that the transmission function φ2(φ1)
is indeed a curve of second order. We recall that φ2(φ1) has been previously
determined by nonlinear Eq. (4.3.13).

Step 5. In addition, it is necessary to determine the type of the second-order
curve σ that might be an ellipse, a hyperbola, or a parabola. The solution is
based on determination of the invariants of Eq. (4.4.4) (Korn & Korn, 1968).
The investigation shows that

D =
∣∣∣∣∣a11 a12

a12 a22

∣∣∣∣∣ < 0 (4.4.6)

and therefore σ (represented by Eq. (4.4.5)) is a hyperbola. This conclusion has
been confirmed as well numerically for elliptical gear drives with various values
of ellipse eccentricity of the identical centrodes.

4.5 Functional of Identical Centrodes

Some noncircular gear drives have identical centrodes – for instance, elliptical gear
drives, oval gear drives, gear drives for generation of function 1/x, or those proposed
by Tong and Yang (Tong & Yang, 1998).

Transmission function of gear drives with identical centrodes has a specific
structure that may be recognized considering, for instance, function φ2(φ1) for el-
liptical gear drives (Fig. 4.3.3). In this case, function φ2(φ1) is formed by symmetry
of branches (I , I I) and (I I I , I V), respectively. Figures 4.5.1(a) and (b) illustrate
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Figure 4.5.1. Illustration of symmetry of function φ2(φ1): (a) branches I and I I of φ2(φ1); (b)
representation of φ2(φ1) in coordinate system (x, y).

the symmetry of branches I and I I . Similar illustrations may be provided as well
for branches (I I I , I V) (see Fig. 4.3.3).

The analysis of function φ2(φ1) for elliptical gears is based on the following con-
siderations:

(1) Figure 4.5.2 represents two small pieces of transmission function φ2(φ1) with
the origin O ≡ B5 (see Fig. 4.5.1(b)) and function �1(�2) with the origin O

′ ≡
A5 (see Fig. 4.5.1 (b)). If identical centrodes indeed exist, then the following

Figure 4.5.2. Illustration of direct function
φ2(φ1) and inverted function �1(�2).
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conditions must be observed:

φ2(φ1) = �1(�2), φ2max = φ1max (4.5.1)

(2) Equation (4.5.1) confirms the following:
(a) Assume that the position of rotation of centrodes 1 and 2 corresponds to

A5, and rotation is provided from centrode 2 to centrode 1 with the trans-
mission function �1(�2).

(b) Due to the identity of centrodes, rotation of centrode 1 with respect to cen-
trode 2 (at the position of rotation A5) must be provided with observation
of the equation �1(�2) = φ2(φ1). Function φ2(φ1) relates rotation of cen-
trode 2 with respect to centrode 1 at the position of rotation B5.

(c) Due to the identity of centrode 1 and 2, it must be observed as well that the
maximal angles of rotation of centrodes 1 and 2 must be equal.

(3) Consider now the instantaneous positions of the centrodes that correspond to
point M of the graph M − A5 of function φ2(φ1) (Fig. 4.5.2, branch I). It is
easy to verify that q = φ1max − �1(�2). However, because �1(�2) and φ2(φ1)
are related by Eq. (4.5.1), we have

q = φ1max − �1(�2) = φ1max − φ2(φ1) = φ1max − F (φ1) (4.5.2)

Function F (q) is the same as F (φ1) ≡ φ2(φ1), so then we obtain

F (q) = φ2max − �2(�1) (4.5.3)

Functions �2(�1) and φ1(φ2) are the direct and inverted ones. We recall as well
that φ2max = φ1max. We then obtain

F (q) = φ2max − �2(�1) = φ2max − φ1(φ2) = φ1max − φ1(φ2) (4.5.4)

Using Eqs. (4.5.2) and (4.5.3), we obtain

q = φ1max − F (φ1) (4.5.5)

F (q) = φ1max − φ1 (4.5.6)

It follows from Eq. (4.5.5), and the meaning from operation F (q), that

F (q) = F (φ1max − F (φ1)) (4.5.7)

Equations (4.5.5) and (4.5.7) yield the following final expression of the sought-
for functional for identical centrodes:

F (φ1max − F (φ1)) = φ1max − φ1 (4.5.8)

We describe the application of Eq. (4.5.8) for the case of identical centrodes of

a drive that generates function y = 1
x

.

PROBLEM 4.5.1. This example represents the design of noncircular gears for genera-

tion of function y = 1
x

in the interval x1 ≤ x ≤ x2. The design of the gear centrodes
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Figure 4.5.3. Identical unclosed centrodes, for generation of y = 1
x

, 1 < x < 3, φ1max =
φ2max = 5π (a) in 3D-space; (b) in 2D-space.

is based on

φ1 = k1(x − x1) (4.5.9)

φ2 = k2(y1 − y) = k2

(
1
x1

− 1
x

)
(4.5.10)

where

k1 = φ1max

x2 − x1
, k2 = φ2max

1
x1

− 1
x2

, (φ2max = φ1max) (4.5.11)

Transmission function F (φ1) is

F (φ1) ≡ φ2(φ1) = k2φ1

x1φ1 + k1x2
1

= a2φ1

a3 + a4φ1
(4.5.12)

where

a2 = k2, a3 = k1x2
1 , a4 = x1 (4.5.13)
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The condition φ2max = φ1max of the identity of centrodes is observed; thus, φ1max =
a2 − a3

a4
.

The Functional (4.5.8) for the considered example of design is represented as

a2
(
φ1max − F (φ1)

)
a3 + a4

(
φ1max − F (φ1)

) = φ1max − φ1 (4.5.14)

Observation of this equation is the proof of the identity of centrode 1 and 2 of the
designed gear drive.

The centrodes of the gears are represented by

r1(φ1) = E
m12(φ1) + 1

= a2a3 E
(a3 + a4φ1)2 + a2a3

(4.5.15)

where m12(φ1) is the derivative function,

r2(φ1) = E − r1(φ1) = E(a3 + a4φ1)2

(a3 + a4φ1)2 + a2a3
(4.5.16)

φ2(φ1) = F (φ1) = a2φ1

a3 + a4φ1
(4.5.17)

The centrodes are represented in Fig. 4.5.3.
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5 Generation of Planar and Helical
Elliptical Gears

5.1 Introduction

This chapter covers generation of planar and helical noncircular gears by a rack
cutter, a hob, and a shaper. The cornerstone for determination of the generated
tooth surfaces is the derivation of the equation of meshing of the generating and
generated tooth surfaces. In this chapter, a matrix approach that allows the deter-
mination of relative velocity and equation of meshing to be simplified and computer-
ized is presented. The developed theory will be illustrated with numerical examples
of generation of planar and elliptical gears.

5.2 Generation of Elliptical Gears by Rack Cutter

ALGORITHM OF ROLLING MOTIONS. The main idea of the enveloping method for gen-
eration of planar noncircular gears for the case of application of a rack cutter is
described as follows (Fig. 5.2.1):

(i) Centrode 3 of the rack cutter is a straight line t − t that is a common tangent to
centrodes 1 and 2 of mating noncircular gears 1 and 2 and rolls over 1 and 2.

(ii) Rolling is provided wherein the rack cutter translates along tangent t − t and is
rotated about the instantaneous center of rotation I .

(iii) Tooth surfaces of gear 1, gear 2, and rack cutter 3 are in mesh simultaneously,
and gear 1 and 2 are provided with conjugated surfaces.

The related motions of the rack cutter and the noncircular gear may be deter-
mined considering the motions of the generating tool and one of the centrodes of
the gear set as follows (Fig. 5.2.2):

(a) The rack cutter centrode (denoted as I) is in mesh with centrode I I of a non-
circular gear.

(b) Rolling is provided by observation of

v(I) = v(I I)
rot + v(I I)

tr (5.2.1)

71
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Figure 5.2.1. Illustration of generation of noncircular gears 1 and 2 by rack cutter 3.

Figure 5.2.2. For derivation of related motions of rack cutter 2 and noncircular gear 1.

72
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Figure 5.2.3. For derivation of algorithm of rolling motions: (a) initial position of centrodes c
of rack cutter and 1 of noncircular gear; (b) current position of centrodes c and 1.

Equation (5.2.1) is obtained by considering that the rack cutter performs only
translational motion with velocity v(I) along the common tangent to centrodes I
and I I . The noncircular gear I I performs rotational motion about center of rota-
tion OI I , and translational motion in the direction that is perpendicular to t − t .
Vectors v(I I)

rot and v(I I)
tr represent velocities of gear I I of rotational and translational

motions (Fig. 5.2.2(a)). Figure 5.2.2(b) illustrates the positions of the rack cutter I
and noncircular gear I I in fixed coordinate system Sf . It will be shown that func-
tions x(OI )

f (φ(I I)) and y(OI I )
f (φ(I I)) are nonlinear.

The derivation of the algorithm of rolling motions is based on application of
the following planar coordinate systems (Figs. 5.2.3(a) and (b)): (i) movable coor-
dinate systems Sc and S1 rigidly connected to the rack cutter and the noncircular
gear, respectively, (ii) a fixed coordinate system Sf , and (iii) an auxiliary movable
coordinate system Sn that performs translation along axis yf (Fig. 5.2.3(b)).

Coordinate systems Sc, S1, Sf , and Sn are planar; however, the developed algo-
rithm of rolling developed for generation of planar noncircular gears may be applied
for generation of helical noncircular gears as well (see following). The derivations
are discussed for the case of elliptical gears. However, the obtained results may be
applied for other types of noncircular gears.

Figure 5.2.3(a) and (b) show respectively the initial and current positions of the
centrodes of the rack cutter c and the noncircular gear 1. The following is the prelim-
inary information about the centrodes mentioned here and their motions performed
during the meshing.

(1) The rack cutter centrode c is a straight line directed along axes xc, x f (Fig.
5.2.3(b)) that performs translational motion along x f .
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(2) The centrode of noncircular gear 1 is an ellipse represented in polar form, ac-
cording to Eq. (4.2.9), by

r(θ) = a(1 − e2)
1 − e cos θ

(5.2.2)

Here, a is the major axis of the ellipse and e is the eccentricity of the ellipse
(see Section 4.2.2). The polar axis of the ellipse is y1 (Fig. 5.2.3(b)). The ellipse
centrode (during the meshing with the centrode of the rack cutter) performs:
(i) Rotation about O1 (it is the focus of the ellipse), and

(ii) Translational motion along axis yn (Fig. 5.2.3(b)).
(3) The instantaneous point of tangency of centrode c and 1 is M1 (Fig. 5.2.3(b)).

Because centrode c and 1 roll over each other, the length of the arc M0 − M1 is
equal to the distance |Oc M1|.

(4) Parameter ψ1 determines the angular position of coordinate system S1(x1, y1)
with respect to Sf (x f , yf ).

(5) Parameter µ (Fig. 5.2.3(b)) determines orientation of the tangent to ellipse 1 at
point M1, where (see Section 2.5)

tan µ = r(θ)
dr
dθ

(5.2.3)

Observation of conditions of pure rolling yields the following relations between the
motions of the rack cutter c and noncircular gear 1:

x(Oc)
f (θ) = −s(θ) + r(θ) cos µ = −

∫ θ

0

r(θ)
sin µ

dθ + r(θ) cos µ (5.2.4)

y(O1)
f (θ) = −r(θ) sin µ (5.2.5)

ψ1(θ) = θ + µ − µ0, µ0 = π

2
(5.2.6)

µ(θ) = arctan
(

−1 − e cos θ

e sin θ

)
(5.2.7)

For the purpose of derivation of the equation of meshing, the derivation of
the functions mentioned here is required. The results of derivation of Eqs. (5.2.4)–
(5.2.7) with respect to polar angle θ are as follows:

The derivative of polar vector r(θ) is given by

dr(θ)
dθ

= d
dθ

p
1 − e cos θ

= −pe sin θ

(1 − e cos θ)2
(5.2.8)

The derivative of angle µ(θ) is given by

dµ(θ)
dθ

= d
dθ

arctan
−1 + e cos θ

e sin θ
= −e(e − cos θ)

1 + e(e − 2 cos θ)
(5.2.9)
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The derivative of function s(θ) is given by

ds(θ)
dθ

= d
dθ

∫ θ

0

r(θ)
sin µ(θ)

dθ = r(θ)
sin µ(θ)

(5.2.10)

The derivative of magnitude x(Oc)
f (θ) is then given by

dx(Oc)
f

dθ
= d

dθ
[−s(θ) + r(θ) cos µ(θ)]

= −ds(θ)
dθ

+ dr(θ)
dθ

cos µ(θ) − r(θ) sin µ(θ)
dµ(θ)

dθ
(5.2.11)

The derivative of magnitude y(O1)
f (θ) is given by

dy(O1)
f

dθ
= d

dθ
[−r(θ) sin µ(θ)] = −dr(θ)

dθ
sin µ(θ) − r(θ) cos µ(θ)

dµ(θ)
dθ

(5.2.12)

The derivative of magnitude ψ1(θ) is given by

dψ1

dθ
= d

dθ
[θ + µ − π

2
] = 1 + dµ(θ)

dθ
(5.2.13)

DERIVATION OF RACK CUTTER GENERATING SURFACES REPRESENTED IN COORDINATE

SYSTEM Sc. Two types of generating surfaces are considered: (i) a planar rack cutter
applied for generation of planar gears, represented in coordinate system St (Fig.
5.2.4(a)), and (ii) a skew rack cutter that is formed by the motion of St in coordinate
system Sc, as illustrated in Fig. 5.2.4(b) and (c).

Surface �c of the skew rack cutter and the surface unit normal are represented
in Sc considering the coordinate transformation from St to Sc. The position vector
rc(uc, lc) and surface normal nc of �c are determined as

rc(uc, lc) =




(
±uc sin αc ∓ πmn

4

)
cos βc + lc sin βc

u cos αc(
∓uc sin αc ± πmn

4

)
sin βc + lc cos βc

1


 (5.2.14)

nc =




∓ cos αc cos βc

sin αc

± cos αc sin βc


 (5.2.15)

Equation (5.2.14) represents in Sc the skew rack cutter �c as a plane with surface
parameters (uc, lc). The unit normal nc is represented by Eq. (5.2.15). The upper
and lower signs in Eqs. (5.2.14) and (5.2.15) correspond to the left and right sides
of �c.
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Figure 5.2.4. For derivation of planar and skew rack cutter: (a) representation of planar rack
cutter in coordinate system St ; (b) toward representation of skew rack cutter in coordinate
system Sc; (c) representation of skew rack cutter.

Taking in Eqs. (5.2.14) and (5.2.15) βc = 0, we obtain the planar rack-cutter
surface and its unit normal for generation of planar elliptical gears.

GENERATION OF SURFACE �1 OF ELLIPTICAL GEAR BY RACK CUTTER. The derivation
of �1 is based on the following steps:

(i) Determination of coordinate transformation between coordinate systems Sc

and S1 that allows the family of generating rack-cutter surfaces to be repre-
sented in coordinate system S1 in three-parametric form as

r1(uc, lc, θ) = M1c(θ)rc(uc, lc) (5.2.16)

where matrix M1c represents the coordinate transformation in procedures ap-
plied from Sc to S1.

(ii) Derivation of equation of meshing

f1c(uc, lc, θ) = 0 (5.2.17)

that relates parameters (uc, lc, θ). Simultaneous consideration of Eqs. (5.2.16)
and (5.2.17) determines surface �1 of helical elliptical gear generated by the
skew rack cutter.



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

5.2 Generation of Elliptical Gears by Rack Cutter 77

COORDINATE TRANSFORMATION IN TRANSITION FROM COORDINATE SYSTEM Sc TO S1.

Derivation of Eq. (5.2.16) is performed as follows:

r1(uc, lc, θ) = M1c(θ)rc(uc, lc) = M1n(θ)Mnf (θ)M f c(θ)rc(uc, lc)

=




cos ψ1 sin ψ1 0 0

− sin ψ1 cos ψ1 0 0

0 0 1 0

0 0 0 1







1 0 0 0

0 1 0 −y(O1)
f

0 0 1 0

0 0 0 1







1 0 0 x(Oc)
f

0 1 0 0

0 0 1 0

0 0 0 1


 rc(uc, lc)

=




cos ψ1 sin ψ1 0 x(Oc)
f cos ψ1 − y(O1)

f sin ψ1

− sin ψ1 cos ψ1 0 −x(Oc)
f sin ψ1 − y(O1)

f cos ψ1

0 0 1 0

0 0 0 1




rc(uc, lc) (5.2.18)

MATRIX DERIVATION OF EQUATION OF MESHING f1c(uc, lc, θ) = 0. We consider that the
rack cutter is provided by generating surface �c represented in 3D space by vector
function rc(uc, lc). Using coordinate transformation from coordinate system Sc to S1,
we obtain in S1 a family of generating surfaces r1(uc, lc, θ).

The generated surface of the noncircular gear is determined as the envelope to
the family of surfaces r1(uc, lc, θ). In differential geometry (for instance, see Korn
& Korn, 1968) the envelope to the family of surfaces r1(uc, lc, θ) can be determined
by simultaneous consideration of vector function r1(uc, lc, θ) and the equation of
meshing:

f (uc, lc, θ) =
(

∂r1

∂uc
× ∂r1

∂lc

)
· ∂r1

∂θ
= 0 (5.2.19)

A matrix approach for derivation of equation of meshing that allows us to simplify
and computerize the determination of the surface generated by the rack cutter has
been developed, and is performed as follows.

The family of generating rack-cutter surfaces is represented in coordinate
system S1 in three-parametric form by Eq. (5.2.18). Considering Cartesian co-
ordinates instead of homogeneous coordinates, the gear tooth surface may be
obtained as

ρ1(uc, lc, θ) =




cos ψ1 sin ψ1 0

− sin ψ1 cos ψ1 0

0 0 1


 ρc(uc, lc) +




cos ψ1 sin ψ1 0

− sin ψ1 cos ψ1 0

0 0 1






x(Oc)
f

−y(O1)
f

0




= L1cρc + L1cR (5.2.20)
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Here,

R = OnOc =
[

x(Oc)
f −y(O1)

f 0
]T

(5.2.21)

The proposed approach allows us to obtain (i) the relative velocity of rack cutter
c with respect to gear 1

v(c1)
1 = dρ1

dt
= L̇1cρc + L̇1cR + L1cṘ (5.2.22)

(ii) and the relative velocity of gear 1 with respect to rack cutter c

v(1c)
c = −Lc1v(c1)

1 = −Lc1

(
L̇1cρc + L̇1cR + L1cṘ

)
(5.2.23)

The final expression of equation of meshing is

f (c1)
1 (uc, lc, θ) = (L1cn(c)

c ) ·
(

L̇1cρc + L̇1cR + L1cṘ
)

= 0 (5.2.24)

or

f (1c)
c (uc, lc, θ) = n(c)

c ·
[
−Lc1

(
L̇1cρc + L̇1cR + L1cṘ

)]
= 0 (5.2.25)

where

L̇1c =


− sin ψ1 cos ψ1 0

− cos ψ1 − sin ψ1 0
0 0 0


 ψ̇1 (5.2.26)

Ṙ = ˙OnOc =
[

ẋ(Oc)
f −ẏ(O1)

f 0
]T

(5.2.27)

Derivatives ẋ(Oc)
f , ẏ(O1)

f , and ψ̇1 are

ẋ(Oc)
f = dx(Oc)

f

dθ

dθ

dt
(5.2.28)

ẏ(O1)
f = dy(O1)

f

dθ

dθ

dt
(5.2.29)

ψ̇1 = dψ1

dθ

dθ

dt
(5.2.30)

where
dx(Oc)

f

dθ
,

dy(O1)
f

dθ
, and

dψ1

dθ
are given by Eqs. (5.2.11), (5.2.12), and (5.2.13), re-

spectively.
The tooth surface of the helical elliptical gear is determined by simultaneous

consideration of Eq. (5.2.20) with Eq. (5.2.24) or (5.2.25).
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Figure 5.3.1. For determination of the worm: (a) installation of worm with respect to rack
cutter; (b) applied coordinate systems.

5.3 Generation of Elliptical Gears by Hob

DERIVATION OF WORM-THREAD GENERATING SURFACES REPRESENTED IN COORDINATE

SYSTEM Sw. Application of a grinding worm or a hob for generation of elliptical
gears is useful for an improvement of productivity and reliability of generated
gears.

A worm-thread surface �w, that is in imaginary meshing with rack-cutter tooth
surface �c, is being determined. Conditions of meshing between both surfaces, �w

and �c, allows the worm-thread surface to be determined. The procedure is as fol-
lows:

(1) Worm and gear shafts form crossing angle γwg. Figure 5.3.1(a) shows the instal-
lation of worm axode on rack-cutter axode plane 
. Angle γwg is given as

γwg = π

2
− βc + λw (5.3.1)

wherein βc is the helix angle of the skew rack cutter and λw is the lead angle of
the worm.

(2) Line t − t at the pitch point Of , and the helix of the gear (see Fig. 5.3.1(a)), are
in tangency.

(3) Moveable coordinate systems Sc and Sw are rigidly connected to surfaces �c

and �w, respectively. Fixed coordinate systems Sf and Ss are considered for
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definition of motions of rack-cutter and worm tooth surfaces, respectively (see
Fig. 5.3.1(b)).

(4) Surface �c is considered as given and performs the following motions:
(i) Translation sc of coordinate system Sc along the straight line Of − C (see

Fig. 5.3.1(b)). Straight line Of − C forms angle γwg with respect to axis x f

(see Fig. 5.3.1(a)).
(ii) Rotation of coordinate system Sw about axis zs an angle ψw, determined as

ψw = sc

ρw

(5.3.2)

wherein ρw is the pitch radius of the griding worm.
(5) Worm-thread surface �w is obtained by simultaneous consideration of vector

equation

rw(uc, lc, ψw) = Mwc(ψw)rc(uc, lc) (5.3.3)

and equation of meshing (
∂rc

∂uc
× ∂rc

∂lc

)
· ∂rc

∂ψw

= 0 (5.3.4)

Here, ψw is the generalized parameter of meshing, and Mwc is a 4 × 4 matrix
that represents coordinate transformation of homogeneous coordinates from
system Sc to system Sw. However, we will apply for derivation of Eq. (5.3.4), the
matrix approach presented for the case of rack-cutter generation.

Worm-thread surface �w may be considered for the purpose of simplicity as a
surface with two independent parameters (hw, εw).

GENERATION OF SURFACE �1 OF ELLIPTICAL GEAR BY A WORM. The derivation
of �1 by a worm-thread surface �w is based on the following procedure (see
Fig. 5.3.2):

(i) Two coordinate systems Sw and S1 are rigidly connected to the worm-thread
surface and the to-be-determined gear-tooth surface. A fixed reference system
Sf is considered for definition of motions of systems Sw and S1.

(ii) Worm-thread surface �w is given by vector function Rw(hw, εw).
(iii) Two sets of motions are provided to the worm:

(a) Rotation of the worm about axis zw on angle φw.
(b) Translation sw along axis zf that is parallel to the axis of the gear.
Coordinate system Ss is a movable coordinate system that is translated with
system Sw.

(iv) Rotation and translation of the worm are accompanied by rotation and trans-
lation of the elliptical gear as follows:
(a) Rotation ψ1 about axis z1 of the gear.
(b) Translation defined by position y(O1)

f along axis yf .
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Figure 5.3.2. Applied coordinate systems for generation of the elliptical gear by a grinding
worm: (a) at the elliptical gear; (b) at the worm.

Magnitudes ψ1 and y(O1)
f may be determined as functions of polar angle θ (see

Eqs. (5.2.5) and (5.2.6)). Magnitudes ψ1 and y(O1)
f are related with motions φw

and sw by functions

y(O1)
f (θ) = −r(θ) sin µ (5.3.5)

ψ1(θ) = θ + µ − µ0, µ0 = π

2
(5.3.6)

and the new function to be determined as

g(φw, sw, θ) = 0 (5.3.7)
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(v) Coordinate transformation between systems Sw and S1 determines the family
of worm-thread surfaces in system S1 as

r1(hw, εw, φw, sw) = M1w(φw, sw)Rw(hw, εw) (5.3.8)

Here, φw and sw are independent generalized parameters of motion, which
means that the generation is a double-enveloping process, and 4 × 4 matrix
M1w describes coordinate transformation from system Sw to system S1. Deriva-
tion of Eq. (5.3.8) is performed as

r1(hw, εw, φw, sw) = M1 f (φw, sw)M f s(sw)Msw(φw)Rw(hw, εw) (5.3.9)

wherein

M1 f (φw, sw) =




cos ψ1 sin ψ1 0 −y(O1)
f sin ψ1

− sin ψ1 cos ψ1 0 −y(O1)
f cos ψ1

0 0 1 0

0 0 0 1




(5.3.10)

M f s(sw) =




cos γwg 0 − sin γwg 0

0 1 0 ρw

sin γwg 0 cos γwg sw

0 0 0 1


 (5.3.11)

Msw(φw) =




cos φw − sin φw 0 0

sin φw cos φw 0 0

0 0 1 0

0 0 0 1


 (5.3.12)

(vi) Because generation of surface �1 of the elliptical gear involves a double-
enveloping process, there are two equations of meshing,

f (w1)
1 (hw, εw, φw, sw) = 0 (5.3.13)

f (w1)
2 (hw, εw, φw, sw) = 0 (5.3.14)

that relate parameters (hw, εw, φw, sw). Simultaneous consideration of Eqs.
(5.3.8), (5.3.13), and (5.3.14) determine surface �1 of the elliptical gear.

DERIVATION OF FUNCTION g(φw, sw, θ) = 0 The derivation is performed as follows (see
Fig. 5.3.3):
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Figure 5.3.3. For determination of function g(φw, sw, θ) = 0.

(i) An imaginary rack cutter is considered being in simultaneous meshing with the
elliptical gear and the worm. At the initial position, system Sc coincides with
system Sf , and common tangent line t − t between the three surfaces, �w, �1,
and �c, is at position t0.

(ii) Due to rotation and translation of the worm on φw and sw, the common tan-
gent t − t will take position t2. The location of system Sc in Sf is determined
by x(Oc)

f .
(iii) Displacement of system Sc may be obtained as the sum of independent dis-

placements �x(Oc)
f 1 and �x(Oc)

f 2 :

�x(Oc)
f = �x(Oc)

f 1 + �x(Oc)
f 2 (5.3.15)

Displacement �x(Oc)
f 1 = Of S is caused by translation sw and is defined by po-

sitions t0 and t1. Displacement �x(Oc)
f 2 = SOc is caused by rotation φw and is

defined by positions t1 and t2.



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

84 Generation of Planar and Helical Elliptical Gears

(iv) Illustrations of Fig. 5.3.3(b) yield

− �x(Oc)
f 1 = Of S = tan βcsw (5.3.16)

−�x(Oc)
f 2 = SOC = pw cos λw

cos βc
φw (5.3.17)

where pw is the pitch of the worm.
(v) Because x(Oc)

f depends on polar angle θ (see Eq. (5.2.4)), function g(φw, sw, θ) =
0 is obtained finally as

g(φw, sw, θ) = x(Oc)
f (θ) + tan βcsw + pw cos λw

cos βc
φw = 0 (5.3.18)

MATRIX DERIVATION OF EQUATIONS OF MESHING. Matrix derivation of equations of
meshing f (w1)

1 (hw, εw, φw, sw) = 0 and f (w1)
2 (hw, εw, φw, sw) = 0 is performed as fol-

lows:

(i) Vector position r1(hw, εw, φw, sw) in homogeneous coordinates is given by

r1(hw, εw, φw, sw) = M1w(φw, sw)Rw(hw, εw)

=




a11 a12 a13 sin ψ1(ρw − y(O1)
f )

a21 a22 a23 cos ψ1(ρw − y(O1)
f )

a31 a32 a33 sw

0 0 0 1




Rw(hw, εw)

(5.3.19)

wherein

a11 = cos ψ1 cos γwg cos φw + sin ψ1 sin φw (5.3.20)

a12 = − cos ψ1 cos γwg sin φw + sin ψ1 cos φw (5.3.21)

a13 = − cos ψ1 sin γwg (5.3.22)

a21 = − sin ψ1 cos γwg cos φw + cos ψ1 sin φw (5.3.23)

a22 = sin ψ1 cos γwg sin φw + cos ψ1 cos φw (5.3.24)

a23 = sin ψ1 sin γwg (5.3.25)

a31 = sin γwg cos φw (5.3.26)

a32 = − sin γwg sin φw (5.3.27)

a33 = cos γwg (5.3.28)
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(ii) Vector position r1(hw, εw, φw, sw) is denoted as ρ1(hw, εw, φw, sw) in Cartesian
coordinates and may be represented as

ρ1(hw, εw, φw, sw) =




a11 a12 a13

a21 a22 a23

a31 a32 a33


 ρw(hw, εw) +




sin ψ1(ρw − y(O1)
f )

cos ψ1(ρw − y(O1)
f )

sw




= L1w(φw, sw)ρw(hw, εw) + R (5.3.29)

Here, L1w is a 3 × 3 matrix obtained by eliminating the last row and the last
column of 4 × 4 matrix M1w. Matrix L1w may be also obtained as

L1w = L1 f L f sLsw (5.3.30)

whereas vector R is defined as

R =
[
sin ψ1(ρw − y(O1)

f ) cos ψ1(ρw − y(O1)
f ) sw

]T
(5.3.31)

(iii) Considering sw as constant (sw = c), the relative velocity of the worm-thread
surface with respect to gear tooth surface may be obtained as

v(w1)
1,sw=c = ρ̇1 = L̇1wρw + Ṙ (5.3.32)

wherein

L̇1w = L̇1 f L f sLsw + L1 f L f sL̇sw (5.3.33)

L̇1 f =




− sin ψ1 cos ψ1 0

− cos ψ1 − sin ψ1 0

0 0 0


 ψ̇1 (5.3.34)

L̇sw =




− sin φw − cos φw 0

cos φw − sin φw 0

0 0 0


 φ̇w, φ̇w = − cos βc

pw cos λw

ẋ(Oc)
f (5.3.35)

Ṙ =




cos ψ1(ρw − y(O1)
f )ψ̇1 − sin ψ1 ẏ(O1)

f

− sin ψ1(ρw − y(O1)
f )ψ̇1 − cos ψ1 ẏ(O1)

f

0


 (5.3.36)

Then, the equation of meshing may be obtained as

f (w1)
1 = n1 · v(w1)

1,sw=c = 0 (5.3.37)

wherein

n1 = L1wnw (5.3.38)

Here, nw is the unit normal to the worm-thread surface.
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(iv) Considering φw as constant (φw = c), the relative velocity of the worm-thread
surface with respect to gear-tooth surface may be obtained as

v(w1)
1,φw=c = ρ̇1 = L̇1wρw + Ṙ (5.3.39)

wherein

L̇1w = L̇1 f L f sLsw (5.3.40)

L̇1 f =




− sin ψ1 cos ψ1 0

− cos ψ1 − sin ψ1 0

0 0 0


 ψ̇1 (5.3.41)

Ṙ =




cos ψ1(ρw − y(O1)
f )ψ̇1 − sin ψ1 ẏ(O1)

f

− sin ψ1(ρw − y(O1)
f )ψ̇1 − cos ψ1 ẏ(O1)

f

ṡw


 (5.3.42)

ṡw = − 1
tan βc

ẋ(Oc)
f (5.3.43)

Then, the equation of meshing may be obtained as

f (w1)
2 = n1 · v(w1)

1,φw=c = 0 (5.3.44)

(v) Derivations of derivatives ẏ(O1)
f , ẋ(Oc)

f , and ψ̇1, are

ẏ(O1)
f = dy(O1)

f

dθ

dθ

dt
(5.3.45)

ẋ(Oc)
f = dx(Oc)

f

dθ

dθ

dt
(5.3.46)

ψ̇1 = dψ1

dθ

dθ

dt
(5.3.47)

where
dx(Oc)

f

dθ
,

dy(O1)
f

dθ
, and

dψ1

dθ
are given by Eqs. (5.2.11), (5.2.12), and (5.2.13),

respectively.

5.4 Generation of Elliptical Gears by Shaper

DERIVATION OF SURFACE �1 OF ELLIPTICAL GEAR GENERATED BY SHAPER. The deriva-
tion of the surface �1 of a elliptical gear generated by a shaper is based on the
following procedure:

(1) Two coordinate systems Ss and S1 are considered rigidly connected to the
shaper and the to-be-determined surface.

(2) An involute tooth surface rs(us, θs) is considered as given for a shaper with pitch
radius ρs .
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Figure 5.4.1. For determination of an elliptical gear generated by a shaper: (a) initial position;
(b) current position.

(3) Coordinate system Ss performs rotation while coordinate system S1 is rotated
and translated. Motions of systems Ss and S1 are defined by the following kine-
matic relation of their centrodes (see Fig. 5.4.1):

v(s)
I = v(1)

I (5.4.1)

where

v(1)
I = v(1)

I,rot + v(1)
I,tr1 + v(1)

I,tr2 (5.4.2)

(4) Coordinate system Ss is rotated an angle ψs that is related with polar angle θ by

ψs = s(θ)
ρs

(5.4.3)

(5) Coordinate system Sn is translated with system S1 on magnitudes x(O1)
f and y(O1)

f

while system S1 is rotated on the magnitude ψ1. Such magnitudes may be repre-
sented as functions of polar angle θ :

x(O1)
f = −r(θ) cos µ (5.4.4)

y(O1)
f = r(θ) sin µ (5.4.5)

ψ1 = θ + µ − π

2
(5.4.6)



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

88 Generation of Planar and Helical Elliptical Gears

(6) Elliptical gear-tooth surface �1 is obtained by simultaneous consideration of
matrix transformation

r1(us, θs, θ) = M1s(θ)rs(us, θs) (5.4.7)

and equation of meshing

f (us, θs, θ) =
(

∂r1

∂us
× ∂r1

∂θs

)
· ∂r1

∂θ
= 0 (5.4.8)

Derivation of Eq. (5.4.7) is performed as

r1(us, θs, θ) = M1n(ψ1)Mnf (x(O1)
f , y(O1)

f )M f s(ψs)rs(us, θs) (5.4.9)

wherein

M1n(ψ1) =




cos ψ1 sin ψ1 0 0

− sin ψ1 cos ψ1 0 0

0 0 1 0

0 0 0 1




(5.4.10)

Mnf (x(O1)
f , y(O1)

f ) =




1 0 0 −x(O1)
f

0 1 0 −y(O1)
f

0 0 1 0

0 0 0 1




(5.4.11)

M f s(ψs) =




cos ψs sin ψs 0 0

− sin ψs cos ψs 0 ρs

0 0 1 0

0 0 0 1




(5.4.12)

MATRIX DERIVATION OF EQUATION OF MESHING f(us, θs, θ) = 0. Matrix transformation
given by Eq. (5.4.9) may be expressed by consideration of cartesian coordinates as

ρ1(us, θs, θ) = L1nLnf L f sρs(us, θs) + R

=




cos ψ1 sin ψ1 0

− sin ψ1 cos ψ1 0

0 0 1






1 0 0

0 1 0

0 0 1






cos ψs sin ψs 0

− sin ψs cos ψs 0

0 0 1


 ρs(us, θs) + R

(5.4.13)
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where R is given by

R =




−x(O1)
f cos ψ1 − y(O1)

f sin ψ1 + ρs sin ψ1

x(O1)
f sin ψ1 − y(O1)

f cos ψ1 + ρs cos ψ1

0


 (5.4.14)

Relative velocity v(s1)
1 is given as

v(s1)
1 = ρ̇1 = (L̇1nLnf L f s + L1nLnf L̇ f s)ρs + Ṙ (5.4.15)

wherein

L̇1n =




− sin ψ1 cos ψ1 0

− cos ψ1 − sin ψ1 0

0 0 0


 ψ̇1

L̇ f s =




− sin ψs cos ψs 0

− cos ψs − sin ψs 0

0 0 0


 ψ̇s

Ṙ =




−ẋ(O1)
f cos ψ1 − ẏ(O1)

f sin ψ1 + (x(O1)
f sin ψ1 − y(O1)

f cos ψ1 + ρs cos ψ1)ψ̇1

ẋ(O1)
f sin ψ1 − ẏ(O1)

f cos ψ1 + (x(O1)
f cos ψ1 + y(O1)

f sin ψ1 − ρs sin ψ1)ψ̇1

0




Derivations of derivatives ψ̇1, ψ̇s , ẋ(O1)
f , and ẏ(O1)

f are obtained as

ψ̇1 = dψ1

dθ

dθ

dt

ψ̇s = dψs

dθ

dθ

dt
= 1

ρs

ds
dθ

dθ

dt

ẋ(O1)
f = dx(O1)

f

dθ

dθ

dt
= d(r cos µ)

dθ

dθ

dt
=
(

dr
dθ

cos µ − r sin µ
dµ

dθ

)
dθ

dt

ẏ(O1)
f = dy(O1)

f

dθ

dθ

dt
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Table 5.5.1. Design parameters of
planar elliptical gear.

Module, mn 2.0 mm
Pressure angle, αc 20◦

Eccentricity, e 0.5
Number of teeth, N1 27
Half length of major axis, a 28.901 mm
Face width, w 15 mm

where

dψ1

dθ
= d

dθ
[θ + µ − π

2
] = 1 + dµ(θ)

dθ

ds(θ)
dθ

= d
dθ

∫ θ

0

r(θ)
sin µ(θ)

dθ = r(θ)
sin µ(θ)

dr(θ)
dθ

= d
dθ

p
1 − e cos θ

= −pe sin θ

(1 − e cos θ)2

dµ(θ)
dθ

= d
dθ

arctan
−1 + e cos θ

e sin θ
= −e(e − cos θ)

1 + e(e − 2 cos θ)

dy(O1)
f

dθ
= d

dθ
[−r(θ) sin µ(θ)] = −dr(θ)

dθ
sin µ(θ) − r(θ) cos µ(θ)

dµ(θ)
dθ

Then, the equation of meshing may be determined as

f (s1)
1 (us, θs, θ) = n1 · v(s1)

1 = L1sns · ρ̇1 = 0 (5.4.16)

or as

f (1s)
s (us, θs, θ) = ns · v(1s)

s = ns · (−Ls1ρ̇1) = 0 (5.4.17)

5.5 Examples of Design of Planar and Helical Elliptical Gears

5.5.1 Planar Elliptical Gears

The design parameters applied are represented in Table 5.5.1. Parameter a has been
obtained from the values mn, e, and N1 by application of (see Eq. (4.3.26))

a = N1mnπ∫ 2π

0

√
1 − e2 sin2 ψdψ

The planar elliptical gear with parameters of Table 5.5.1 is shown in Fig. 5.5.1.
The contact lines between the rack cutter and the gear (Fig. 5.5.2) are shown on the
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Figure 5.5.1. Illustration of planar elliptical gear
with parameters shown in Table 5.5.1.

respective contacting surfaces: (a) for tooth number 1, and (b) tooth number 8 (see
the notation of tooth numbers in Fig. 5.5.1).

A line of contact of generating and generated surfaces (the rack cutter and gen-
erated gear) is obtained as follows:

(i) The line of contact on the generating surface (on the rack cutter) is obtained
considering simultaneously Eq. (5.2.14) of the rack cutter and equation of mesh-
ing (Eq. (5.2.25)) and considering parameter ψ1 as constant. Parameter ψ1(θ) is
determined by Eqs. (5.2.6) and (5.2.7). Parameter βc is equal to zero because a
planar gear is generated.

Figure 5.5.2. Contact lines between the rack cutter and the planar elliptical gear on contacting
surfaces: (a) of tooth 1; (b) of tooth 8.
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Table 5.5.2. Design parameters of helical
elliptical gear.

Module, mn 2.0 mm
Pressure angle, αc 20◦

Eccentricity, e 0.5
Helix angle, βc 20◦ (left-hand)
Number of teeth, N1 27
Half length of major axis, a 30.756 mm
Face width, w 15 mm

(ii) The line of contact on the generated surface of the elliptical gear is obtained
considering simultaneously Eq. (5.2.18) (or (5.2.20)) of the family of generating
surfaces and equation of meshing (Eq. (5.2.25)) and considering again ψ1 as
constant.

5.5.2 Helical Elliptical Gears

The designed parameters for the discussed example are represented in Table 5.5.2.
Parameter a has been obtained from the values mn, βc, e, and N1 by application of
(see Eq. (4.3.26))

a = N1mπ∫ 2π

0

√
1 − e2 sin2 ψdψ

wherein m = mn/ cos βc.
The helical elliptical gear with design parameters represented in Table 5.5.2 is

shown in Fig. 5.5.3. The contact lines between the rack cutter and the gear (Figs.
5.5.4(a) and (b)) are shown on the respective contacting surfaces: (a) on the rack

Figure 5.5.3. Illustration of helical elliptical gear
with parameters shown in Table 5.5.2.
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Figure 5.5.4. Contact lines between the rack cutter and the helical elliptical gear on contacting
surfaces: (a) of tooth 1; (b) of tooth 8.

cutter, the contact lines are parallel straight lines; (b) on the helical elliptical gear,
the contact lines are straight lines as well. The contact lines shown in Figs. 5.5.4(a)
and (b) have been determined for tooth numbers 1 and 8 (Fig. 5.5.3). The contact
lines discussed previously are determined by application of Eq. (5.2.20) of family
of generating rack-cutter surfaces and equation of meshing (Eq. (5.2.25)), but by
considering ψ1 as constant.
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6 Design of Gear Drives Formed by
Eccentric Circular Gear and Conjugated
Noncircular Gear

6.1 Introduction

The advantage of a gear drive formed by an eccentric circular gear and its conju-
gated noncircular gear (called for the purpose of abbreviation eccentric gear drive)
is the simplification of the generation of the driving gear designed as a circular gear
with displaced center of rotation. Figure 6.1.1 shows an eccentric involute pinion and
the conjugated noncircular gear. The noncircular gear of the eccentric gear drive
may be designed and generated with straight or helical teeth.

The eccentric gear drive is competitive to the one formed by elliptical gears
(see Chapter 5). In this chapter, the geometry and design of eccentric gear drives
will be described and methods of generation of the eccentric gear and its conjugated
noncircular gear by a hob (in case of having convex centrodes) and by a shaper (in
case of having convex-concave centrodes) will be presented.

6.2 Centrodes of Eccentric Gear Drive

6.2.1 Equations of Mating Centrodes

Figures 6.2.1 shows centrodes σ1 and σ2 in initial and current positions. Centrode σ1

is an eccentric circle of radius rp1 and is represented in polar form as (Fig. 6.2.1(b))

r1(θ1) =
(

r2
p1 − e2

1 sin2 θ1

) 1
2 − e1 cos θ1 (6.2.1)

where parameter θ1 determines the position of r1(θ1) with respect to polar axis O1 A1

(Fig. 6.2.1(b)).
Henceforth, we will use representation of a centrode in terms of derivative func-

tion m12(φ1) (see Section 2.4), where φi = θi (i = 1, 2) is the angle of rotation of the
centrodes; parameter θi determines location of ri (θi ) with respect to polar axis Oi Ai .
For σ1, we have

r1(φ1) = E
1 + m12(φ1)

(6.2.2)

94
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Figure 6.1.1. Eccentric involute pinion and conjugated noncircular gear: (a) eccentric helical
drive, (b) eccentric planar drive. O1 and O2 are the centers of rotation of pinion and gear,
respectively; O is the geometric center of the pinion.

Centrode σ2 is represented by

r2(φ1) = E
m12(φ1)

1 + m12(φ1)
(6.2.3)

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
(6.2.4)

Here, the derivative function is

m12(φ1) = E − r1(φ1)
r1(φ1)

= c1(
1 − ε2

1 sin2 φ1

) 1
2 − ε1 cos φ1

− 1 (6.2.5)

where c1 = E/rp1 and ε1 = e1/rp1. Function φ2(φ1) is the transmission function, and
its determination requires numerical integration.
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Figure 6.2.1. For derivation of centrodes: (a) initial position; (b) current position.

Centrode σ1 is already a closed-form curve (a circle of radius rp1). Centrode σ2

will be a closed-form curve by observation of

φ2(φ1) = 2π

n
=
∫ 2π

0

dφ1

m12(φ1)
(6.2.6)

wherein n is the number of revolutions that the eccentric gear 1 performs for one
revolution of the noncircular gear.

Derivation of centrodes σ1 and σ2 enables us to design as well a cam mecha-
nism with a constant center distance between the follower as an eccentric circle and
a cam for generation of functions. The cam is determined as the centrode of the
noncircular gear of the eccentric drive.

6.2.2 Curvature of Centrode σ2 and Applications

BASIC DERIVATIONS. Knowledge of curvature of centrode σ2 is necessary for:
(i) choosing the method of generation of the gears by a hob or by a shaper, and
(ii) for avoidance of undercutting of tooth profiles.

Considering that a centrode is represented by a polar curve r(θ), its curvature
radius may be determined (see Section 2.8) as

ρ(θ) =

[
r(θ)2 +

(
dr
dθ

)2
] 3

2

r(θ)2 + 2
(

dr
dθ

)2

− r(θ)
d2r
dθ2

(6.2.7)
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Figure 6.2.2. For derivation of curvature ra-
dius ρ2(φ1) of centrode σ2.

The condition of convexity of the polar curve may be represented as

κ = 1
ρ

= r(θ)2 + 2
(

dr
dθ

)2

− r(θ)
d2r
dθ2

≥ 0 (6.2.8)

or by an alternative inequality

sin µ

[
r(θ)(2 − sin2 µ) − sin2 µ

d2r
dθ2

]
≥ 0 (6.2.9)

Here, angle µ = arctan
(

r(θ)
dr/dθ

)
is formed by position vector r(θ) and tangent t to

the polar curve (see Section 2.5); κ is the curvature of the polar curve.
Taken into account that the curvature of centrode σ1 is known, determination of

κ2 can be obtained by using Euler-Savary equation (Hartenberg & Denavit, 1964),
which relates curvatures κ1 and κ2 of centrodes σ1 and σ2 of the eccentric gear drive
(Fig. 6.2.2) as

1
ρ1

+ 1
ρ2

=
[

1
r1(φ1)

+ 1
r2(φ1)

]
sin µ1 (6.2.10)

Here,

1
ρ1

= 1
rp1

= κ1,
1
ρ2

= κ2 (6.2.11)

where ρ2 = |I A2| (Fig. 6.2.2), and

r2(φ1) = E − r1(φ1) (6.2.12)
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Figure 6.2.3. Illustration of function ρ2(φ1) for eccentric gear drives with design parameters
rp1 = 22.35 mm, n = 4, and (a) ε = 0.2, (b) ε = 0.7.

Equation (6.2.10) yields

κ2 =
[

1
r1(φ1)

+ 1
E − r1(φ1)

]
sin µ1 − κ1 (6.2.13)

Convexity of centrode σ2 is guaranteed if[
1

r1(φ1)
+ 1

E − r1(φ1)

]
sin µ1 − κ1 ≥ 0 (6.2.14)

Figure 6.2.3 illustrates function ρ2(φ1) for gear drives with: (a) a convex cen-
trode σ2; (b) a convex-concave centrode σ2. The location and orientation of curva-
ture radius ρ2(φ1) is visualized by application of a four-bar linkage (Fig. 6.2.2): (a)
link 1 as O1 A1, (b) link 2 as A1 A2, (c) link 3 as O2 A2, and (d) link 4 as O1 O2, where
|A1 A2| = ρ1 + ρ2.
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Figure 6.2.4. Illustration of avoidance of undercutting of a spur involute pinion as the condi-
tion m < rp sin2

αc.

It is known from kinematics of a four-bar linkage that point F (of intersection of
extended links 1 and 3) is the instantaneous center of rotation of link 2 with respect
to link 4. Vector I F is perpendicular to O1 O2, and its magnitude is determined as

|I F | = r1(φ1) − ρ1 sin µ1

ρ1r1(φ1)
= |ρ2 sin µ1 − r2(φ1)|

ρ2r2(φ1)
(6.2.15)

AVOIDANCE OF UNDERCUTTING. Drawings of Fig. 6.2.4 show generation of an invo-
lute spur gear with a rack cutter of profile angle αc. The centrode of the rack cutter is
its middle line. The centrode of the gear is the pitch circle of radius rp. Undercutting
of the involute gear is avoided by the installment of the rack cutter wherein

m

sin2 αc
≤ rp (6.2.16)

Avoidance of undercutting of the noncircular gear of eccentric gear drive is
based on the following considerations:

(i) Gear 2 of the drive has various tooth profiles, but they may be represented
(approximately) as tooth profiles of respective circular gears with curvatures of
radii ρA, ρB, . . . , ρK (Fig. 6.2.5).
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Figure 6.2.5. Illustration of: (a) representation of tooth profiles of noncircular gear 2 (σ ∗
2,A is

the centrode of substituting circular gear at A and σ ∗
2,B is the centrode of substituting circular

gear at B); (b) line of undercutting for the case wherein αc = 20◦.

(ii) Radius ρ
(A)
2 of curvature of centrode σ2 for point A corresponds to profiles

of the tooth denoted as �A. Similarly, profiles of tooth �B are represented as
those of spur gears of radius ρ

(B)
2 , and so on (Fig. 6.2.5).

(iii) Undercutting occurs for a tooth with the smallest radius ρ2 of the substituting
circular gear.
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(iv) Figure 6.2.5(a) shows representation of tooth profiles of gear 2 with centrode
σ2 designed for a gear drive with n = 3. Here, n is the number of revolutions
of eccentric gear 1 that is performed for one revolution of driven gear 2 with
centrode σ2.

(v) The idea of application of substituting circular gears may be applied for avoid-
ance of undercutting for all eccentric gear drives with centrodes σ1 and σ2. For
this purpose, it is necessary to obtain functions ρ

(A)
2 (ε, n) (Fig. 6.2.5(b)) that

represent the minimal curvature radius of ρ2. Point A is the point of centrode
σ2 (Fig. 6.2.5(a)) where ρ2 = ρ2,min, and ε = e/rp (see Eq. (6.2.5)).

(vi) Avoidance of undercutting for all eccentric gear drives is obtained by choosing

such a module for which functions ρ
(A)
2
m will be out of the square with the height

1/ sin2 αc (Fig. 6.2.5(b)).

6.3 Generation of the Noncircular Gear by Shaper and Hob

In this section, the algorithms that relate the motions of the generating tool (shaper,
hob) and the noncircular gear of the drive being generated will be formulated. Such
relations are represented by nonlinear equations and are the basis of computerized
generation of the noncircular gear.

The eccentric gear of the drive may be generated as a conventional involute
gear, with the observation by manufacturing and assembly of the location of the
geometric center with respect to the center of rotation. In addition, for the purpose
of localization of the bearing contact it is necessary to provide double-crowning to
the surfaces of the teeth of the eccentric gear.

There is the possibility of generation of the noncircular gear by a shaper that is
identical to the eccentric involute gear of the drive. This allows manufacturing the
noncircular gear observing a constant center distance between the shaper and non-
circular gear being generated. However, the identity of the shaper and the eccentric
involute gear has an unfavorable limitation and has not been applied by the authors.

6.3.1 Generation of Noncircular Gear by a Noneccentric Shaper

DERIVATION OF SURFACE �2 OF NONCIRCULAR GEAR GENERATED BY SHAPER. We re-
call that the shaper is not identical to the involute eccentric gear of the drive. The
derivation is based on the following procedure:

(1) Two coordinate systems Ss and S2 are considered rigidly connected to the
shaper and the to-be-determined surface.

(2) An involute tooth surface rs(us, vs) is considered as given for a shaper with pitch
radius ρs , which may differ from ρ1.

(3) Coordinate system Ss is rotated while coordinate system S2 is rotated and trans-
lated. Motions of systems Ss and S2 are defined by kinematic relation of their
centrodes (see Fig. 6.3.1):

v(s)
I = v(2)

I (6.3.1)
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Figure 6.3.1. For derivation of noncircular gear tooth surface �2 generated by a regular invo-
lute shaper.

where

v(2)
I = v(2)

I,rot + v(2)
I,tr1 + v(2)

I,tr2 (6.3.2)

(4) Coordinate system Ss is rotated on ψs that is related with polar angle θ2 by

ψs = s(θ2)
ρs

(6.3.3)

wherein s(θ2) is a function of the polar angle θ1 of the eccentric gear,

s(θ2) = ρ1(θ1 − arcsin(ε1 sin θ1)) (6.3.4)
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(5) Coordinate system Sn is translated with system S2 on magnitudes x(O2)
f and y(O2)

f

while system S2 is rotated on the magnitude ψ2. Such magnitudes may be repre-
sented as functions of polar angle θ2:

x(O2)
f = −r(θ2) cos µ2 (6.3.5)

y(O2)
f = r(θ2) sin µ2 (6.3.6)

ψ2 = θ2 + µ2 − π

2
(6.3.7)

Functions r(θ2), θ2, and µ2 may be expressed as functions of polar angle θ1 as

r(θ2) = E − r(θ1) = E − ρ1

(√
1 − ε2

1 sin2 θ1 − ε1 cos θ1

)
(6.3.8)

θ2 =
∫ θ1

0


 c1

c1 −
√

1 − ε2
1 sin2 θ1 + ε1 cos θ1

− 1


 dθ1 (6.3.9)

µ2(θ1) = arctan



√

1 − ε2
1 sin2 θ1

−ε1 sin θ1


 , (6.3.10)

(6) Noncircular gear-tooth surface �2 is obtained by simultaneous consideration of
matrix transformation

r2(us, vs, θ2) = M2s(θ2)rs(us, vs) (6.3.11)

and equation of meshing

f (us, vs, θ2) =
(

∂r2

∂us
× ∂r2

∂vs

)
· ∂r2

∂θ2
= 0 (6.3.12)

Derivation of Eq. (6.3.11) is performed as

r2(us, vs, θ2) = M2n(ψ2)Mnf (x(O2)
f , y(O2)

f )M f s(ψs)rs(us, vs) (6.3.13)

Here,

M2n =




cos ψ2 − sin ψ2 0 0
sin ψ2 cos ψ2 0 0

0 0 1 0
0 0 0 1


 , Mnf =




1 0 0 −x(O2)
f

0 1 0 −y(O2)
f

0 0 1 0
0 0 0 1




M f s =




cos ψs − sin ψs 0 0
sin ψs cos ψs 0 −ρs

0 0 1 0
0 0 0 1




MATRIX DERIVATION OF EQUATION OF MESHING f (us, vs, θ2) = 0. Matrix transformation
Eq. (6.3.13) may be expressed by consideration of Cartesian coordinates as

ρ2(us, vs, θ2) = L2nLnf L f sρs(us, vs) + R (6.3.14)
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The 3 × 3 matrices L are obtained from 4 × 4 matrices M by eliminating the last row
and last column; R is given by

R =




−x(O2)
f cos ψ2 + y(O2)

f sin ψ2 + ρs sin ψ2

−x(O2)
f sin ψ2 − y(O2)

f cos ψ2 − ρs cos ψ2

0


 (6.3.15)

Relative velocity v(s2)
2 is given as

v(s2)
2 = ρ̇2 = (L̇2nLnf L f s + L2nLnf L̇ f s)ρs + Ṙ (6.3.16)

Derivations of derivatives ψ̇2, ψ̇s , ẋ(O2)
f , and ẏ(O2)

f are obtained as

ψ̇2 =
(

dθ2

dθ1
+ dµ2

dθ1

)
dθ1

dt

ψ̇s = 1
ρs

ds(θ2)
dθ1

dθ1

dt

ẋ(O2)
f = dx(O2)

f

dθ1

dθ1

dt

ẏ(O2)
f = dy(O2)

f

dθ1

dθ1

dt

Derivatives
dθ2

dθ1
,

dµ2

dθ1
,

ds(θ2)
dθ1

,
dx(O2)

f

dθ1
, and

dy(O2)
f

dθ1
are given by:

dθ2

dθ1
= c1

c1 −
√

1 − ε2
1 sin2 θ1 + ε1 cos θ1

− 1 (6.3.17)

dµ2

dθ1
= ε2

1 sin2 θ1 (6.3.18)

ds(θ2)
dθ1

= ρ1


1 − 1√

1 − ε2
1 sin2 θ1


 (6.3.19)

dx(O2)
f

dθ1
= −ρ1


 ε2

1 sin θ1 cos θ1√
1 − ε2

1 sin2 θ1

− ε1 sin θ1


 cos µ2

+ r(θ2) sin µ2ε
2
1 sin2 θ1 (6.3.20)

dy(O2)
f

dθ1
= ρ1


 ε2

1 sin θ1 cos θ1√
1 − ε2

1 sin2 θ1

− ε1 sin θ1


 sin µ2

+ r(θ2) cos µ2ε
2
1 sin2 θ1 (6.3.21)

Then, the equation of meshing may be determined as

f (s2)
2 (us, vs, θ1) = n2 · v(s2)

2 = L2sns · ρ̇2 = 0 (6.3.22)
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Figure 6.3.2. For derivation of noncircular gear-tooth surface �2 generated by a hob: (a)
installation of noncircular gear, worm, and imaginary rack cutter; (b) installation of worm
respect to imaginary rack cutter.

or as

f (2s)
s (us, vs, θ1) = ns · v(2s)

s = ns · (−Ls2ρ̇2) = 0 (6.3.23)

6.3.2 Generation of the Noncircular Gear by a Hob

INSTALLATION OF HOB. Generation of noncircular gear-tooth surface �2 by a worm-
thread surface �w is being considered. For the purpose of simplicity, an imaginary
rack-cutter tooth surface �c is considered in continuous tangency with surfaces �2

and �w.
Figure 6.3.2(a) shows worm, rack cutter, and noncircular gear at their initial po-

sitions. Point Of is the common point of tangency of three surfaces �2, �w, and �c.
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Worm shaft and noncircular gear shaft form crossing angle γw2 (see Fig. 6.3.2(b)).
Angle γw2 is given as

γw2 = π

2
− βc − λw (6.3.24)

wherein βc is the helix angle of the skew rack cutter and λw is the lead angle of the
worm.

For the purpose of simplicity, worm-thread surface may be considered as a sur-
face with two independent parameters (hw, νw).

GENERATION OF SURFACE �2 OF NONCIRCULAR GEAR BY WORM. The derivation of �2

by a worm-thread surface �w is based on the following procedure (see Fig. 6.3.3):

(i) Two coordinate systems Sw and S2 are considered rigidly connected to the
worm-thread surface and the to-be-determined gear tooth surface. A fixed ref-
erence system Sf is considered for definition of motions of systems Sw and S2.

(ii) Worm-thread surface �w is considered as given by vector Rw(hw, νw).
(iii) Two sets of motions are provided to the worm:

(a) Rotation φw about axis zw of the worm.
(b) Translation sw along axis zf that is parallel to the axis of the gear.
Coordinate system Ss is a movable coordinate system that is translated with
system Sw.

(iv) Rotation and translation of the worm are accompanied by rotation and trans-
lation of the elliptical gear as follows:
(a) Rotation ψ2 about axis z2 of the gear.
(b) Translation defined by position y(O2)

f along axis yf .

Magnitudes ψ2 and y(O2)
f may be determined as functions of polar angle θ2 of

the noncircular gear as

y(O2)
f (θ2) = r(θ2) sin µ2(θ2) (6.3.25)

ψ2(θ2) = θ2 + µ2(θ2) − µ20, µ20 = π

2
(6.3.26)

Because r(θ2), θ2, and µ2 are related with polar angle θ1 of the eccentric gear
by functions

r(θ2) = E12 − r(θ1) = E12 − ρ1

(√
1 − ε2

1 sin2 θ1 − ε1 cos θ1

)
(6.3.27)

θ2 =
∫ θ1

0


 c1

c1 −
√

1 − ε2
1 sin2 θ1 + ε1 cos θ1

− 1


 dθ1 (6.3.28)

µ2(θ1) = arctan



√

1 − ε2
1 sin2 θ1

−ε1 sin θ1


 , (6.3.29)

a new function g(φw, sw, θ1) = 0 must be determined to relate φw and sw with
polar angle θ1.



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

6.3 Generation of the Noncircular Gear by Shaper and Hob 107

Figure 6.3.3. Applied coordinate systems for
derivation of noncircular gear-tooth surface
�2 generated by a hob: (a) systems S2 and Sc

of noncircular gear and imaginary rack cutter;
(b) system Sw of worm and auxiliary system Ss .

(v) Coordinate transformation between systems Sw and S2 determines the family
of worm-thread surfaces in system S2 as

r2(hw, νw, φw, sw) = M2w(φw, sw)Rw(hw, νw) (6.3.30)

Here, φw and sw are independent generalized parameters of motion, which
means that the generation is a double-enveloping process; M2w is a 4 × 4 matrix
that describes coordinate transformation from system Sw to system S2.
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Figure 6.3.4. For derivation of function g(φw, sw, θ1) = 0.

(vi) Equations of meshing

f (w2)
1 (hw, νw, φw, sw) = 0 (6.3.31)

f (w2)
2 (hw, νw, φw, sw) = 0 (6.3.32)

relate parameters (hw, νw, φw, sw). Simultaneous consideration of Eqs. (6.3.30),
(6.3.31), and (6.3.32) determines surface �2 of noncircular gear.

DERIVATION OF FUNCTION g(φw, sw, θ1) = 0. The derivation is performed as follows (see
Fig. 6.3.4):

(i) An imaginary rack cutter is considered in simultaneous meshing with the non-
circular gear and the worm. At the initial position, system Sc coincides with



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

6.3 Generation of the Noncircular Gear by Shaper and Hob 109

system Sf , and common tangent line t − t between the three surfaces, �w, �2,
and �c, is at position t0.

(ii) Due to rotation and translation of the worm on φw and sw, the common tangent
t − t will take position t2. The location of system Sc in Sf is determined by x(Oc)

f .
(iii) Displacement of system Sc may be obtained as the sum of independent dis-

placements �x(Oc)
f 1 and �x(Oc)

f 2 :

�x(Oc)
f = �x(Oc)

f 1 + �x(Oc)
f 2 (6.3.33)

Displacement �x(Oc)
f 1 = Of S is caused by translation sw and is defined by po-

sitions t0 and t1. Displacement �x(Oc)
f 2 = SOc is a result of rotation φw and is

defined by positions t1 and t2.
(iv) Illustrations of Fig. 6.3.4(b) yield

− �x(Oc)
f 1 = Of S = tan βcsw (6.3.34)

−�x(Oc)
f 2 = SOC = pw cos λw

cos βc
φw (6.3.35)

where pw is the pitch of the worm.
(v) Because x(Oc)

f depends on polar angle θ1 as

x(Oc)
f = −s(θ2) + r(θ2) cos µ2(θ2) (6.3.36)

wherein

s(θ2) = ρ1 (θ1 − arcsin(ε1 sin θ1)) (6.3.37)

r(θ2) = E12 − ρ1

(√
1 − ε2

1 sin2 θ1 − ε1 cos θ1

)
(6.3.38)

µ2(θ2) = arctan



√

1 − ε2
1 sin2 θ1

−ε1 sin θ1


 (6.3.39)

function g(φw, sw, θ1) = 0 is obtained finally as

g(φw, sw, θ1) = x(Oc)
f (θ1) + tan βcsw + pw cos λw

cos βc
φw = 0 (6.3.40)

COORDINATE TRANSFORMATION IN TRANSITION FROM COORDINATE SYSTEM Sw TO S2.

Derivation of Eq. (6.3.30) is performed as

r2(hw, νw, φw, sw) = M2 f (φw, sw)M f s(sw)Msw(φw)Rw(hw, νw) (6.3.41)

Here,

M2 f =




− cos ψ2 sin ψ2 0 y(O2)
f sin ψ2

− sin ψ2 − cos ψ2 0 −y(O2)
f cos ψ2

0 0 1 0
0 0 0 1


 ,
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M f s =




cos γw2 0 − sin γw2 0

0 1 0 −ρw

sin γwg 0 cos γwg sw

0 0 0 1




Msw =




cos φw − sin φw 0 0

sin φw cos φw 0 0

0 0 1 0
0 0 0 1




MATRIX DERIVATION OF EQUATIONS OF MESHING. Matrix derivation of equations of
meshing f (w2)

1 (hw, νw, φw, sw) = 0 and f (w2)
2 (hw, νw, φw, sw) = 0 is applied as follows:

(i) Position vector r2(hw, νw, φw, sw) is represented in homogeneous coordinates
by

r2(hw, νw, φw, sw) = M2w(φw, sw)Rw(hw, νw)

=




a11 a12 a13 sin ψ2(y(O2)
f − ρw)

a21 a22 a23 − cos ψ2(y(O2)
f − ρw)

a31 a32 a33 sw

0 0 0 1


Rw(hw, εw)

(6.3.42)

wherein

a11 = − cos ψ2 cos γw2 cos φw + sin ψ2 sin φw (6.3.43)

a12 = cos ψ2 cos γw2 sin φw + sin ψ2 cos φw (6.3.44)

a13 = cos ψ2 sin γw2 (6.3.45)

a21 = − sin ψ2 cos γw2 cos φw − cos ψ2 sin φw (6.3.46)

a22 = sin ψ2 cos γw2 sin φw − cos ψ2 cos φw (6.3.47)

a23 = sin ψ2 sin γw2 (6.3.48)

a31 = sin γw2 cos φw (6.3.49)

a32 = − sin γw2 sin φw (6.3.50)

a33 = cos γw2 (6.3.51)

(ii) Position vector r2(hw, νw, φw, sw) is represented in Cartesian coordinates as

ρ2(hw, νw, φw, sw) =


a11 a12 a13

a21 a22 a23

a31 a32 a33


 ρw(hw, νw) +




sin ψ2(y(O2)
f − ρw)

− cos ψ2(y(O2)
f − ρw)

sw




= L2w(φw, sw)ρw(hw, νw) + R (6.3.52)
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Here, L2w is a 3 × 3 matrix obtained from M2w. Matrix L2w may be obtained as

L2w = L2 f L f sLsw (6.3.53)

whereas vector R is defined as

R =
[
sin ψ2(y(O2)

f − ρw) − cos ψ2(y(O2)
f − ρw) sw

]T
(6.3.54)

(iii) Considering sw as constant (sw = c), the relative velocity of the worm-thread
surface with respect to gear-tooth surface may be obtained as

v(w2)
2,sw=c = ρ̇2 = L̇2wρw + Ṙ (6.3.55)

wherein

L̇2w = L̇2 f L f sLsw + L2 f L f sL̇sw (6.3.56)

and

φ̇w = − cos βc

pw cos λw

ẋ(Oc)
f (6.3.57)

Then, the equation of meshing f (w2)
1 may be obtained as

f (w2)
1 = n2 · v(w2)

2,sw=c = 0 (6.3.58)

wherein

n2 = L2wnw (6.3.59)

Here, nw is the unit normal to the worm-thread surface.
(iv) Considering φw as constant (φw = c), the relative velocity of the worm-thread

surface with respect to gear-tooth surface may be obtained as

v(w2)
2,φw=c = ρ̇2 = L̇2wρw + Ṙ (6.3.60)

wherein

L̇2w = L̇2 f L f sLsw (6.3.61)

and

ṡw = − 1
tan βc

ẋ(Oc)
f (6.3.62)

Then, the equation of meshing f (w2)
2 may be obtained as

f (w2)
2 = n2 · v(w2)

2,φw=c = 0 (6.3.63)
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(v) Derivations of derivatives ψ̇2, ẏ(O2)
f , and ẋ(O2)

f are

ψ̇2 =
(

dθ2

dθ1
+ dµ2

dθ1

)
dθ1

dt
(6.3.64)

ẏ(O2)
f = dy(O2)

f

dθ1

dθ1

dt
(6.3.65)

ẋ(Oc)
f = dx(Oc)

f

dθ1

dθ1

dt
(6.3.66)

Derivatives
dθ2

dθ1
,

dµ2

dθ1
, and

dy(O2)
f

dθ1
are given by Eqs. (6.3.17), (6.3.18), and

(6.3.21), respectively. Derivative
dx(Oc)

f

dθ1
is given by

dx(Oc)
f

dθ1
= −ρ1


1 − 1√

1 − ε2
1 sin2 θ1




+ρ1


 ε2

1 sin θ1 cos θ1√
1 − ε2

1 sin2 θ1

− ε1 sin θ1


 cos µ2

−r(θ2) sin µ2ε
2
1 sin2 θ1 (6.3.67)

6.4 Generation of the Eccentric Gear Providing Localized Contact

Localization of bearing contact is achieved by double-crowning of the eccentric cir-
cular gear. Application of a grinding disk or a grinding worm may be applied as
described in detail in Litvin and Fuentes (Litvin & Fuentes, 2004). A parabolic co-
efficient apc is applied for profile crowning whereas a parabolic coefficient apl is
applied for longitudinal crowning of the eccentric gear-tooth surface.

TOOTH CONTACT ANALYSIS. The eccentric gear-tooth surface �1 and the noncircular
gear-tooth surface �2 have been previously obtained in their own rigidly connected
reference systems S1 and S2, respectively. A fixed reference system Sf is considered
for investigation of tooth contact along the cycle of meshing. The algorithm of tooth
contact analysis must be applied for each single pair of teeth.

The path of contact and function of transmission errors have been investigated
for an eccentric gear with design parameters shown in Table 6.4.1.

Figure 6.4.1 shows paths of contact on tooth number 1 and 11 for various values
of shaft angle error. Figure 6.4.2 shows the transmission function along a whole
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Table 6.4.1. Design parameters of eccentric gear drive.

Number of teeth of the eccentric pinion, N1 21
Number of teeth of the noncircular gear, N2 63
Module, m 2.0 mm
Pressure angle, α 20◦

Helix angle, β 15◦

Face width 25 mm
Parameter of eccentricity, ε1 0.2
Parabolic coefficient for profile crowning, apc 0.002 mm−1

Radius of grinding disk, ρD 125.0 mm
Parabolic coefficient for longitudinal crowning, alc 0.0001 mm−1

Figure 6.4.1. Contact paths on eccentric gear drive with localized bearing contact at (a) tooth
number 1, and (b) tooth number 11, for several values of shaft-crossing angle error.

Figure 6.4.2. Transmission function at an eccentric gear drive with localized bearing contact.
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Figure 6.4.3. Function of transmission errors of an eccentric gear drive with localized bearing
contact.

revolution of the eccentric gear obtained by tooth contact analysis. The theoretical
transmission function may be derived as

φ2t − φ20 =
∫ φ1

φ10


 c1

c1 −
√

1 − ε2 sin2 φ1 + ε1 cos φ1

− 1


 dφ1 (6.4.1)

Figure 6.4.3 shows the function of transmission errors along a whole revolution
of the eccentric gear, obtained as

�φ21 = (φ2 − φ20) − (φ2t − φ20) (6.4.2)
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7 Design of Internal Noncircular Gears

7.1 Introduction

In this chapter, we consider the design of a gear drive formed by an external gear 1
and an internal noncircular gear 2. Henceforth, we assume that gear 1 is the driving
one. Such a gear drive is called internal noncircular gear drive for the purpose of
abbreviation.

The mentioned gear drive may be applied for variation of output speed of a gear
mechanism and for function generation. The rotation of gears 1 and 2 of the drive
are performed in the same direction, as shown in Fig. 7.1.1.

We may consider two cases of transformation of rotation by: (i) a pair of conju-
gated centrodes that form a pair of conjugated frictional disks, an external one (that
is the smaller disk 1) and internal one (that is the larger disk 2); and (ii) a pair of
gears, external 1 and internal 2. The frictional disks (and the gear centrodes 1 and
2) are in internal tangency.

7.2 Derivation of Centrodes

7.2.1 Preliminary Considerations of Kinematics of Internal Gear Drive

Figure 7.1.1(a) shows schematically that external gear 1 (centrode 1) and internal
gear 2 (centrode 2) perform rotation about centers O1 and O2 in the same direction.
Rotation about center O1 of external gear 1 is represented by vector ω(1)(φ1). Sim-
ilarly, rotation about center O2 of internal gear 2 is represented by vector ω(2)(φ1).
Here, φ1 represents the angle of rotation of external gear 1 about center O1.

The derivative function m12(φ1) is represented as

m12(φ1) = ω(1)(φ1)
ω(2)(φ1)

> 1 (7.2.1)

The relative angular velocity is

ω(12)(φ1) = ω(1)(φ1) − ω(2)(φ1) = ω(1)(φ1)
(

1 − 1
m12

)
(7.2.2)

115
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Figure 7.1.1. Illustration of transformation of rotation in case of internal noncircular gears:
(a) O1 and O2 are the centers of rotation; (b) vectors ω(1) and ω(2) are directed along the
respective axes of rotation.

wherein
(

1 − 1
m12

)
< 1.

Application of internal gear drives allows the relative angular velocity ω(12)(φ1)
and the relative velocity

v(12)(φ1) = v(1)(φ1) − v(2)(φ1) (7.2.3)

to be reduced. Reduction of relative velocity means reduction of sliding. This is the
reason why internal gear drives are applied as gear drives with greater efficiency.

7.2.2 Basic Equations of Centrodes

The derivation of centrodes is based on the concept similar to the one applied in
Chapter 2. The centrodes of the internal gear drive are in tangency at point I that
belongs to the extended line O1 − O2 (Fig. 7.2.1), wherein

v(12) = 0, v(1) = v(2) (7.2.4)
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Figure 7.2.1. Illustration of mating centrodes 1 and 2, polar axes Oi Ai (i = 1, 2), rotation
angles φi (i = 1, 2), polar angles θi (i = 1, 2), and polar vectors ri (i = 1, 2).

Equation v(12) = 0 means that the centrodes of the internal gear drive roll over
each other and the sliding velocity of I is zero. Point I is the instantaneous center
of rotation of the centrodes in relative motion.

Considering as given the derivative function m12(φ1), and taking into account
that v(12) = 0, we obtain

m12(φ1) = ω(1)(φ1)
ω(2)(φ1)

= dφ1

dφ2
= r2(φ1)

r1(φ1)
= E + r1(φ1)

r1(φ1)
(7.2.5)

Equation (7.2.5) allows the conjugated centrodes σ1 and σ2 to be derived and rep-
resented as functions of angle φ1, where φ1 is the angle of rotation of the driving
centrode σ1.

We may represent σ1 and σ2 as polar curves in terms of polar centrode angle θ1,
taking into account that θ1 ≡ φ1, but θ1 is measured opposite to φ1:

(i) Centrode σ1 is represented as

r1(φ1) = E
1

m12(φ1) − 1
(7.2.6)

or as

r1(θ1) = E
1

m12(θ1) − 1
(7.2.7)
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(ii) Centrode σ2 is represented as

r2(φ1) = E
m12(φ1)

m12(φ1) − 1
(7.2.8)

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
(7.2.9)

7.2.3 Design of Centrodes σ1 and σ2 as Closed-Form Curves

The conditions of centrodes σ1 and σ2 of an internal noncircular gear drive to be
closed-form curves are similar to those discussed in Section 2.6 for an external gear
drive.

We require for an internal gear drive observation of the following conditions:

(i) The derivative function m12(φ1) must be a periodic function with period T =
T1/n1, where T1 is the period of revolution of driving centrode σ1 (gear 1) and
n1 is an integer number.

(ii) The ratio between the revolutions n1 and n2 of centrodes 1 and 2, respectively,
must be

T1

n1
= T2

n2
(7.2.10)

where n1 and n2 are integer numbers.
(iii) The gear center distance E must be determined as a function of n1 and n2.

Derivations similar to those performed in Section 2.6 yield the following equa-
tion of E for an internal noncircular gear drive:

2π

n2
=
∫ 2π

n1

0

r1(φ1)
E + r1(φ1)

dφ1 (7.2.11)

where r1(φ1) is the known polar equation of driving centrode σ1.
Generally, the solution of Eq. (7.2.11) for E may be obtained numerically and

is an iterative process. An analytical solution of (7.2.11) is obtained for a gear drive
with elliptical and modified elliptical centrodes (see following).

7.3 Examples of Design of Internal Noncircular Gear Drives

7.3.1 Gear Drive with Elliptical Pinion

Step 1. Centrode σ1 of the drive is represented in polar form (see Section 4.3.2)
as

r1(φ1) = a(1 − e2)
1 − e cos φ1

, 0 ≤ φ1 ≤ 2π (7.3.1)
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Step 2. The derivative function of the drive, m21(φ1) = 1
m12(φ1)

, is represented

(see Eq. (7.2.5)) as

m21(φ1) = r1(φ1)
E + r1(φ1)

= p
E + p − Ee cos φ1

(7.3.2)

where p = a(1 − e2).

Step 3. The next step is determination of center distance E = E(a, e, n). It is
based on application of

2π

n
=
∫ 2π

0
m21(φ1)dφ1 =

∫ 2π

0

p
E + p − Ee cos φ1

dφ1 (7.3.3)

The meaning of this equation is the requirement that the pinion (centrode σ1)
will perform n revolutions for one revolution of gear 2.

Simple transformation of Eq. (7.3.3) yields

π

n
= p

E + p

∫ π

0

dφ1

1 − q cos φ1
(7.3.4)

where q = Ee
E + p

.

It follows from the tables of integrals (see Dwight, 1961, Problem 858.524), that∫ π

0

dφ1

1 − q cos φ1
= π√

1 − q2
(7.3.5)

Equations (7.3.4) and (7.3.5) yield the following solution for E:

E(a, e, n) = a[−1 +
√

1 + (n2 − 1)(1 − e2)] (7.3.6)

It is remarkable, as shown later, that Eq. (7.3.6) works as well for determination
of the center distance of a gear drive with modified elliptical or oval pinion.

Step 4. Centrode σ2 of gear 2 is represented as

r2(φ1) = E + r1(φ1) (7.3.7)

φ2(φ1) =
∫ φ1

0
m21dφ1 = p

E + p

∫ φ1

0

dφ1

1 − q cos φ1
(7.3.8)

Transmission function φ2(φ1) may be determined numerically by integration of
Eq. (7.3.8), or analytically (see Dwight, 1961, Problem 446.00) using

∫
dφ1

1 − q cos φ1
= 2√

1 − q2
arctan

1 + q tan φ1
2√

1 − q2
(7.3.9)

Figures 7.3.1(a) and (b) show the gear drives with elliptical pinion determined
for n = 2 and n = 3, respectively; a = 39.3378 mm, e = 0.5.
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Figure 7.3.1. Illustration of elliptical centrode with parameters a = 39.3378 mm and e = 0.5,
and the internal noncircular centrode in case of (a) n = 2 and (b) n = 3.

7.3.2 Gear Drive with Modified Elliptical Pinion

Step 1. The modified elliptical centrode σ1 of gear 1 (see Section 4.3.4) consists
of two branches, the upper and the lower, and is represented by

r (I)
1 (φ1) = a(1 − e2)

1 − e cos(mI φ1)
, 0 ≤ φ1 ≤ π/mI (7.3.10)

r (I I)
1 (φ1) = a(1 − e2)

1 − e cos[mI I (2π − φ1)]
, π/mI ≤ φ1 ≤ 2π (7.3.11)

where mI I = mI
2mI −1 (see Eq. (4.3.35)).

Step 2. The derivative function of the drive, m21(φ1), is determined as

m21(φ1) = ω(2)

ω(1)
= r1(φ1)

r2(φ1)
= r1(φ1)

E + r1(φ1)
(7.3.12)

Equations (7.3.10), (7.3.11), and (7.3.12) yield

m(I)
21 (φ1) = p

p + E − Ee cos(mI φ1)
, 0 ≤ φ1 ≤ π

mI
(7.3.13)

m(I I)
21 (φ1) = p

p + E − Ee cos(mI I (2π − φ1))
,

π

mI
≤ φ1 ≤ 2π (7.3.14)
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Step 3. Gear 1 (centrode σ1) performs n revolutions for one revolution of gear
2, and therefore

2π

n
=
∫ π

mI

0
m(I)

21 dφ1 +
∫ 2π

π
mI

m(I I)
21 dφ1 (7.3.15)

We recall that centrodes σ1 and σ2 are closed curves and n is an integer number.

Step 4. We apply Eqs. (7.3.13), (7.3.14), and (7.3.15) for determination of E =
E(a, e, n). The derivation of E is based on the following procedure:

(i) The variables of the integrals of Eq. (7.3.15) are changed as

mI φ1 = x, mI I (2π − φ1) = y (7.3.16)

(ii) We take into account that (see Dwight, 1961, Problem 858.524)∫ π

0

dx
1 − q cos x

= π√
1 − q2

,

∫ π

0

dy
1 − µ cos y

= π√
1 − µ2

(7.3.17)

We then obtain the solution E = E(a, e, n) for the drive with modified el-
liptical gears that is the same as for the drive with conventional ellipses
represented by Eq. (7.3.6).

Step 5. Centrode σ2 is represented by

r (I)
2 (φ1) = E + r (I)

1 (φ1) (7.3.18)

φ
(I)
2 (φ1) =

∫ φ1

0
m(I)

21 (φ1)dθ1, 0 ≤ φ1 ≤ π

mI
(7.3.19)

Similarly, we represent equations for r (I I)
2 (φ1) and φ

(I I)
2 (φ1).

Determination of φ
(i)
2 (φ1), (i = I, I I), may be obtained by using the expression

for independent integral
∫ dx

1 − q cos x
(see Dwight, 1961, Problem 446.00).

Figure 7.3.2 illustrates designed internal gear drives with modified elliptical
gears.

7.3.3 Gear Drive with Oval Pinion

Step 1. The centrode σ1 of the pinion is an oval (see Fig. 7.3.3), a curve obtained
as the result of transformation of a conventional ellipse performed as follows:
(i) the magnitude of the radius vector of the ellipse is observed, but (ii) the
position angle is increased twice.

The polar equation of the oval gear 1 is represented as

r1(φ1) = a(1 − e2)
1 − e cos 2φ1

, 0 ≤ φ1 ≤ 2π (7.3.20)

wherein a and e are the semi-length of the major axis and the eccentricity of the
ellipse being transformed.
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Figure 7.3.2. Illustration of modified elliptical centrode with parameters a = 37.1241 mm and
e = 0.2, mI = 1.5, and mI I = 0.75, and the internal noncircular centrode in case of (a) n = 2
and (b) n = 3.

Figure 7.3.3. Illustration of oval centrode (with parameters a = 37.1241 mm and e = 0.2),
and the internal noncircular centrode in case of (a) n = 2 and (b) n = 3.
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Step 2. The radius vector of the internal gear 2 is r2(φ1) = E + r1(φ1) (wherein
E is the shortest center distance) and the derivative function m21(φ1) is repre-
sented as

m21(φ1) = r1(φ1)
E + r1(φ1)

= p
E + p − Ee cos 2φ1

(7.3.21)

Step 3. Relation between rotations of gears 1 and 2. This relation is similar to the
one that has been represented for an external gear drive (see Section 4.3.5.3):

2π = n
∫ 2π

0

p
E + p − Ee cos 2φ1

dφ1 =
(

np
E + p

)∫ 2π

0

dφ1

1 −
(

Ee
E+p

)
cos 2φ1

(7.3.22)
Step 4. Derivation of center distance E. The variable φ1 is changed for x wherein

2φ1 = x, dφ1 = dx
2

(7.3.23)

that yields

2π =
(

np
E + p

)(
4
2

)∫ π

0

dx
1 − q cos x

, q = Ee
E + p

(7.3.24)

From tables of integrals (Dwight, 1961),∫ π

0

dx
1 − q cos x

= π√
1 − q2

(7.3.25)

After simple derivations, we obtain equation E = E(a, e, n) that is the same as
Eq. (7.3.6) represented for internal noncircular gear drives with elliptical pinion
and modified elliptical pinion.

Step 5. Centrode σ2 of internal gear is determined with

r2(φ1) = E + r1(φ1) (7.3.26)

φ2 =
∫ φ1

0
m21(φ1)dφ1 (7.3.27)

where m21(φ1) is represented by Eq. (7.3.21).

Transmission function φ2(φ1) may be determined by numerical integration of
Eq. (7.3.27), and analytically using the work of Dwight (Dwight, 1961, see Prob-
lem 446.00), with a2 > b2.

Centrodes σ1 and σ2 of the drive are illustrated by Fig. 7.3.3.

7.3.4 Gear Drive with Eccentric Pinion

Step 1. Derivation of r1(φ1) = |O1 M|. Centrode σ1 of gear 1 is an eccentric cir-
cle of radius a and eccentricity e = |O1C1| = |O1C2| (Fig. 7.3.4). Centrode σ1

(the eccentric circle) performs rotation about center O1 and is shown in two
positions: the initial one, and the current one after rotation on angle φ1.
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Figure 7.3.4. Illustration for derivation of r1(φ1) = |O1 M|; O1 is the center of rotation of ec-
centric circle of radius a; C1 and C2 are initial and current positions of geometric center of
circle a.

The conjugated centrode σ2 (not shown in Fig. 7.3.4) is an internal curve and
performs rotation about center O2; E = |O2 O1| is the shortest center distance.

Centrodes σ1 and σ2 are in tangency at a point M that belongs to the extended
line O1 − O2. Current point M of tangency of centrodes moves along O1 − O2

in the process of rotation. It follows from the drawings that

r1(φ1) = |O1 M| = (a2 − e2 sin2 φ1)0.5 − e cos φ1, 0 ≤ φ1 ≤ 2π (7.3.28)

Step 2. Derivative function m21(φ1). The derivative function m21(φ1) is deter-
mined as

m21(φ1) = dφ2

dφ1
= r1(φ1)

r2(φ2)
= r1(φ1)

E + r1(φ1)

= 1 − c

c + (1 − ε2 sin2 φ1)0.5 − ε cos φ1
(7.3.29)

where c = E
a

and ε = e
a

.

Step 3. Derivation of c = E/a. Centrode σ2 (of internal gear) must be a closed-
form curve, and this may be obtained by the observation of

2π

n
=
∫ 2π

0

(
1 − c

c + (1 − ε2 sin2 φ1)0.5 − ε cos φ1

)
dφ1 (7.3.30)

The meaning of Eq. (7.3.30) is that centrode σ1 (of the pinion) performs n revo-
lutions for one revolution of centrode σ2 of internal gear; n is an integer number.
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Figure 7.3.5. Illustration of an eccentric centrode with parameters a = 36.75 mm and e = 7.35
mm, and the internal noncircular centrode in case of (a) n = 2 and (b) n = 3.

Solution of Eq. (7.3.30) for c require iterations and numerical integration. Sim-
ple transformations yield

n − 1
n

= 1
2π

∫ π

0

c

c + (1 − ε2 sin2 φ1)0.5 − ε cos φ1
dφ1

+ 1
2π

∫ 2π

π

c

c + (1 − ε2 sin2 φ1)0.5 − ε cos φ1
dφ1

= 1
π

∫ π

0

c

c + (1 − ε2 sin2 φ1)0.5 − ε cos φ1
dφ1 (7.3.31)

Step 4. Derivation of centrode σ2. The centrode σ2 is represented by

r2(φ1) = E + r1(φ1) (7.3.32)

φ2(φ1) =
∫ φ1

0
m21(φ1)dφ1

= φ1 −
∫ φ1

0

E

E + (a2 − e2 sin2 φ1)0.5 − e cos φ1
dφ1, 0 ≤ φ1 ≤ 2πn

(7.3.33)

Figure 7.3.5 illustrates examples of derived internal drives.
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Figure 7.4.1. Illustration of movable coordinate systems S1, S2, Ss , and fixed coordinate sys-
tem Sf : (a) initial position of centrodes; (b) current positions of centrodes.

7.4 Generation of Planar Internal Noncircular Gears by Shaper

Generation of pinion 1 with centrode σ1 of the internal gear drive may be performed
by a rack cutter, a shaper, or a hob (see Chapter 5).

The generation of internal noncircular gear 2 with centrode σ2 must be per-
formed by a shaper s. The generated profile �2 of gear 2 is determined as the enve-
lope to the family of profiles �s of the shaper in relative motion of �s with respect to
�2. The conjugation of pinion 1 and gear 2 is provided by considering simultaneous
tangency of centrodes of 1, 2, and shaper s (Fig. 7.4.1).

The generation of �2 by �s may be accompanied by undercutting that is a defect
of meshing of �2 and �s . Such a defect is the result of interference of �s in the space
of �2. Design of shaper s with a larger pressure angle αs is in favor of avoidance of
undercutting, but proper geometric relations between �s , �2, and �1 are preferable.

Henceforth, we will consider the following cases of tangency of rolling cen-
trodes: (i) tangency of centrodes σ1, σ2, and σs (Fig. 7.4.1), and (ii) tangency of
centrodes σ2 and σs (Fig. 7.4.2).

TANGENCY OF CENTRODES σ1, σ2, AND σs. Figure 7.4.1(a) shows that the centrodes are
initially in tangency at common point I (σ1,σ2,σs )

o . Three movable coordinate systems
S1, S2, and Ss are considered that are rigidly connected to pinion 1, internal gear
2, and shaper s. Coordinate systems S1 and S2 perform related rotations about O1

and O2, respectively (Fig. 7.4.1); points I (σ1,σ2,σs )
o and I (σ1,σ2,σs ) are the initial and

current positions of centrodes tangency (Figs. 7.4.1(a) and (b)) and they are the
instantaneous centers of rotation of centrodes in relative motion.

Point I (σ1,σ2,σs ) of tangency of centrodes σ1 and σ2 moves in the process of mo-
tion along line O2 − O1 − I (σ1,σ2,σs ) (Fig. 7.4.1). Tangency of σs with σ1 and σ2 at
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Figure 7.4.2. Illustration of coordinate systems Sn, Sf , Ss , and S2.

point I (σ1,σ2,σs ) is obtained wherein shaper s performs a complex motion: (a) trans-
lational motion with coordinate system Ss , and (b) rotational motion about Os ; O(o)

s

and Os are the initial and current positions of the origin of Ss (Fig. 7.4.1(b)). Coor-
dinate system Sf is the fixed one.

Centrodes σ1, σ2, and σs roll over each other in the process of transformation
of motion. The common normal to profiles �1, �2, and �s (not shown in Fig. 7.4.1)
passes through the point of tangency I (σ1,σ2,σs ) of the three centrodes, and this is the
condition of conjugation of profiles �1, �2, and �s .

TANGENCY OF CENTRODES σ2 AND σs. Shaper s with profile �s generates profile �2 of
internal gear 2 wherein coordinate systems Ss and S2 are rigidly connected to s and
2. We apply the following coordinate systems (Fig. 7.4.2):

(i) Coordinate system Ss , that is rigidly connected to s and performs rotation about
Os on angle ψs ;

(ii) Coordinate system S2, that is rigidly connected to gear 2 and performs (a) trans-
lational motion with auxiliary coordinate system Sn (Fig. 7.4.2), and (b) rota-
tional motion about origin On of Sn on angle ψ2 (Fig. 7.4.2).
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The translational motions of Sn and S2 are performed collinear to axes (x f ,
yf ). Figure 7.4.2 shows the current point I (σ2,σs ) of tangency of centrodes σ2 and
σs . Initially, centrodes σ2 and σs were in tangency at point I (σ1,σ2,σs )

o (Fig. 7.4.1(a)).
Then, σ2 and σs become in tangency at point I (σ2,σs ) (Fig. 7.4.2), and their common
tangent forms angle µ2 with radius vector O2 I of centrode 2 and is perpendicular
to Os I .

Tangency of σ2 and σs at I (σ2,σs ) is provided, if centrode σ2 with coordinate sys-
tem Sn is translated on magnitudes x(O2)

f and Es2,0 + y(O2)
f along axes (x f , yf ) of Sf .

Notice that the magnitude of y(O2)
f expressed in Sf will be negative. Here, Es2,0 is

the initial center distance between centrodes σ2 and σs (see Fig. 7.4.2); magnitudes
x(O2)

f and y(O2)
f may be represented as functions of polar angle θ2 as

x(O2)
f = −r2(θ2) cos µ2 (7.4.1)

y(O2)
f = +r2(θ2) sin µ2 + ρs (7.4.2)

ψ2 = θ2 + µ2 − π

2
(7.4.3)

Centrodes σs and σ2 will have a common normal at I (σ2,σs ) that forms angle µ2

with position vector O2 I (see the notation of angle µ in Section 2.5). The common
tangent to σs and σ2 will pass through point I (σ2,σs ) of tangency of σ2 and σs , and the
relative velocity v(s2) will satisfy

v(s2) · N(s) = v(s2) · N(2) = 0 (7.4.4)

where N(s) and N(2) are the normals to centrodes σs and σ2.
Observation of Eq. (7.4.4) is the condition of derivation of the equation of mesh-

ing of shaper σs and internal gear 2.

PROFILE �s OF SHAPER s. Figure 7.4.3 shows the generating involute profile �s of the
shaper teeth in coordinate system Ss . Involute profile of the shaper may be obtained
as well considering the generating process of a spur gear by a rack cutter (Litvin &
Fuentes, 2004). In matrix form, the involute profile is represented as

rs(θs) =




ρbs [sin(θs − θ0s) − θs cos(θs − θ0s)]

ρbs [cos(θs − θ0s) + θs sin(θs − θ0s)]

0

1


 (7.4.5)

Here, ρbs = ρs cos αs is the base radius of the shaper, ρs is its pitch radius, and
αs is the pressure angle. Parameter θ0s for a standard involute shaper is determined
as

θ0s = πm
4ρs

+ invαs (7.4.6)
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Figure 7.4.3. Representation of shaper profile �s in coordinate system Ss .

where m is the module of the gear drive and invαs = tan αs − αs . The unit normal
ns(θs) to the profile �s is represented by

ns(θs) =
drs

dθs
× k∣∣∣∣drs

dθs

∣∣∣∣
(7.4.7)

MATRIX DERIVATION OF PROFILE �2 OF INTERNAL GEAR 2. Profile �2 is generated as the
envelope to the family of generating profiles �s determined in S2 by

r2(θs, θ2) = M2n(ψ2)Mnf (x(O2)
f , y(O2)

f )M f s(ψs)rs(θs) (7.4.8)

Matrices M2n, Mnf , and M f s of Eq. (7.4.8) describe coordinate transformation
from coordinate system Ss to coordinate system S2. Here,

M2n(ψ2) =




cos ψ2 sin ψ2 0 0

− sin ψ2 cos ψ2 0 0

0 0 1 0

0 0 0 1


 (7.4.9)
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Mnf (x(O2)
f , y(O2)

f ) =




1 0 0 −x(O2)
f

0 1 0 −y(O2)
f

0 0 1 0

0 0 0 1


 (7.4.10)

M f s(ψs) =




cos ψs − sin ψs 0 0
sin ψs cos ψs 0 0

0 0 1 0
0 0 0 1


 (7.4.11)

Matrix transformation Eq. (7.4.8) may be expressed by matrices (3 × 3) as

ρ2(θs, θ2) = L2nLnf L f sρs(θs) + R

=




cos ψ2 sin ψ2 0

− sin ψ2 cos ψ2 0

0 0 1






1 0 0

0 1 0

0 0 1






cos ψs − sin ψs 0

sin ψs cos ψs 0

0 0 1


 ρs(θs) + R

(7.4.12)

where R is given by

R =




−x(O2)
f cos ψ2 − y(O2)

f sin ψ2

x(O2)
f sin ψ2 − y(O2)

f cos ψ2

0


 (7.4.13)

Profile �2 is determined by simultaneous consideration of Eq. (7.4.12) and the
scalar product (see Litvin & Fuentes, 2004):

n2 · v(s2)
2 = L2sns · ρ̇2 = f (θs, θ2) = 0 (7.4.14)

Here, ns is the unit normal to the shaper and v(s2)
2 is the relative velocity, which is

represented in S2 by

v(s2)
2 = ρ̇2 = (L̇2nLnf L f s + L2nLnf L̇ f s)ρs + Ṙ (7.4.15)

wherein

L̇2n =




− sin ψ2 cos ψ2 0

− cos ψ2 − sin ψ2 0

0 0 1


 ψ̇2 (7.4.16)

L̇ f s =




− sin ψs − cos ψs 0

cos ψs − sin ψs 0

0 0 1


 ψ̇s (7.4.17)
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Ṙ =




−ẋ(O2)
f cos ψ2 − ẏ(O2)

f sin ψ2 + (x(O2)
f sin ψ2 − y(O2)

f cos ψ2)ψ̇2

ẋ(O2)
f sin ψ2 − ẏ(O2)

f cos ψ2 + (x(O2)
f cos ψ2 + y(O2)

f sin ψ2)ψ̇2

0


 (7.4.18)

Derivatives ψ̇2, ψ̇s , ẋ(O2)
f , ẏ(O2)

f are obtained as

ψ̇2 = dψ2

dθ2
θ̇2 =

(
1 + dµ2

dθ2

)
θ̇2 (7.4.19)

ψ̇s = dψs

dθ2
θ̇2 = 1

ρs

ds(θ2)
dθ2

θ̇2 (7.4.20)

ẋ(O2)
f =

(
−dr2(θ2)

dθ2
cos µ2 + r2(θ2) sin µ2

dµ2

dθ2

)
θ̇2 (7.4.21)

ẏ(O2)
f =

(
−dr2(θ2)

dθ2
sin µ2 − r2(θ2) cos µ2

dµ2

dθ2

)
θ̇2 (7.4.22)

Here,
dr2

dθ2
is obtained as

dr2

dθ2
= dr2

dθ1

dθ1

dθ2
= dr1

dθ1

E + r1

r1
(7.4.23)

where

r2(θ1) = E + r1(θ1) (7.4.24)

θ2(θ1) =
∫ θ1

0

r1(θ1)
E + r1(θ1)

dθ1 (7.4.25)

Term
d2r2

dθ2
2

(which is needed for
dµ2

dθ2
) is obtained by differentiation of Eq.

(7.4.23) as

d2r2

dθ2
2

= d2r1

dθ2
1

(E + r1)2

r2
1

−
(

dr1

dθ1

)2 E(E + r1)

r3
1

(7.4.26)

Term µ2 is obtained as (see Eq. (2.5.1))

µ2 = arctan
r2(θ2)

dr2

dθ2

(7.4.27)

Term
dµ2

dθ2
is obtained as (see Eq. (2.8.4))

dµ2

dθ2
= cos2 µ2


1 −

r2(θ2)
d2r2

dθ2
2(

dr2

dθ2

)2


 (7.4.28)
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Figure 7.5.1. Illustration of the trajectory described by the tip of the shaper tooth during the
relative motion between the shaper and the internal noncircular gear.

Term
ds(θ2)

dθ2
is obtained as (see Eq. (2.8.1))

ds(θ2)
dθ2

= r2(θ2)
sin µ2

(7.4.29)

In all previous derivations, expressions r1(θ1),
dr1(θ1)

dθ1
, and

d2r1(θ1)

dθ2
1

are known

and depend on the type of centrode (elliptical, eccentric, modified elliptical).

7.5 Conditions of Nonundercutting of Planar Internal Noncircular Gears

Undercutting of profile �2 of planar internal noncircular gear tooth is caused by
the interference with the profile of the tip of the profile �s of the generating shaper
during the relative motion between the shaper and the internal noncircular gear
(see Fig. 7.5.1). The tip of profile �s is represented by point M, which belongs to the
addendum circle of the shaper.
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The limiting condition of undercutting corresponds to positions wherein the tra-
jectory of point M reaches point K, which belongs to the addendum curve of the
internal noncircular gear tooth profile. The trajectory of point M depends on the
method of generation of the internal noncircular gear by the shaper. Here, axial
generation is considered, which means that center distance between the shaper and
the internal noncircular gear is modified according to expressions of x(O2)

f and y(O2)
f

(see Eqs. (7.4.1) and (7.4.2)).
Two approaches are considered for determination of the limiting value of the

pitch radius ρ∗
s of the shaper for avoidance of undercutting. In consequence, the

limiting value of shaper teeth, N∗
s , is obtained as

N∗
s = 2ρ∗

s

m
(7.5.1)

where m is the module of the gear drive.

7.5.1 Approach A

The limiting condition of undercutting can be represented numerically by a set of
nonlinear equations. Solution of such a set of nonlinear equations implies determi-
nation of the limiting value of the pitch radius ρ∗

s . The proposed approach is based
on the following algorithm:

(1) Point M belongs to the addendum circle of the shaper, and this condition is
represented by

f1(θ M
s , ρ∗

s ) = |r(M)
s (θ M

s , ρ∗
s )| − (ρ∗

s + 1.2m) = 0 (7.5.2)

Here, |r(M)
s (θ M

s , ρ∗
s )| =

√
(r M

sx )2 + (r M
sy )2, and vector r(M)

s (θ M
s , ρ∗

s ) is represented

by Eq. (7.4.5) wherein ρs = ρ∗
s is considered as a variable.

(2) Point K belongs to the profile �2 of the noncircular gear tooth, and this condi-
tion implies that equation of meshing Eq. (7.4.14) is satisfied at point K,

f2(θ K
s , θ K

2 , ρ∗
s ) = 0 (7.5.3)

(3) Point K belongs to the addendum curve of the noncircular gear, and this condi-
tion is represented by

f3(θ K
s , θ K

2 , ρ∗
s , θ K

σ2
) = |r(K)

2 (θ K
s , θ K

2 , ρ∗
s )| − (r2(θ K

σ2
) − m) = 0 (7.5.4)

Here,
(i) |r(K)

2 (θ K
s , θ K

2 , ρ∗
s )| =

√
(r K

2x)2 + (r K
2y)2 where vector r(K)

2 (θ K
s , θ K

2 , ρ∗
s ) is ob-

tained by matrix transformation as

r(K)
2 (θ K

s , θ K
2 , ρ∗

s ) = M2s(θ K
2 )rs(θ K

s , ρ∗
s ) (7.5.5)

(ii) r2(θ K
σ2

) is the amplitude of polar vector of the centrode σ2 corresponding to
point K and θ K

σ2
is its polar angle.
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(4) Polar angle θ K
σ2

satisfies

f4(θ K
s , θ K

2 , θ K
σ2

, ρ∗
s ) = tan θ K

σ2
− r K

2x(θ K
s , θ K

2 , ρ∗
s )

r K
2y(θ K

s , θ K
2 , ρ∗

s )
= 0 (7.5.6)

(5) The trajectory of point M in coordinate system S2 may be obtained by applica-
tion of matrix transformation

r(M)
2 (θ M

s , ρ∗
s , θ2) = M2s(θ2)rs(θ M

s , ρ∗
s ) (7.5.7)

wherein θ2 is the parameter of the curve that represents the trajectory of M.
(6) Intersection of curve represented by Eq. (7.5.7) and profile �2 at point K repre-

sented by Eq. (7.5.5) provides a vectorial equation

r(M)
2 (θ M

s , ρ∗
s , θ2) − r(K)

2 (θ K
s , θ K

2 , ρ∗
s ) = 0 (7.5.8)

that yields two additional scalar equations

f5(θ M
s , θ K

s , θ K
2 , ρ∗

s , θ2) = r M
2x − r K

2x = 0 (7.5.9)

f6(θ M
s , θ K

s , θ K
2 , ρ∗

s , θ2) = r M
2y − r K

2y = 0 (7.5.10)

(7) A system of six nonlinear equations f1, f2, f3, f4, f5, f6 is obtained as

f1(θ M
s , ρ∗

s ) = 0 (7.5.11)

f2(θ K
s , θ K

2 , ρ∗
s ) = 0 (7.5.12)

f3(θ K
s , θ K

2 , ρ∗
s , θ K

σ2
) = 0 (7.5.13)

f4(θ K
s , θ K

2 , θ K
σ2

, ρ∗
s ) = 0 (7.5.14)

f5(θ M
s , θ K

s , θ K
2 , ρ∗

s , θ2) = 0 (7.5.15)

f6(θ M
s , θ K

s , θ K
2 , ρ∗

s , θ2) = 0 (7.5.16)

and may be solved numerically for determination of unknowns (θ M
s , ρ∗

s , θ K
s , θ K

2 ,

θ K
σ2

, θ2).

7.5.2 Approach B

Approach B is based on the results provided in Table 7.5.1, developed by Litvin et al.
(Litvin et al., 1994), to determine the maximal number of teeth for various pressure
angles in the case of internal circular involute gears (see Chapter 11 of Litvin &
Fuentes, 2004).

Figure 7.5.2 shows the substitution of centrode σ2 of the internal noncircular
gear by a new centrode σ2c of a circular gear with pitch radius equal to the mini-
mal radius of the centrode σ2. Centrode σ2c is rigidly connected to system S2c. The
trajectory of point M in system S2c is an extended hypocycloid.
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Table 7.5.1. Maximal number of shaper teeth for internal circular
involute gears.

Pressure angle Generation method Gear teeth Shaper teeth

Axial 25 ≤ N2 ≤ 31 Nc ≤ 0.82N2 − 3.20
αc = 20◦ Axial 32 ≤ N2 ≤ 200 Nc ≤ 1.004N2 − 9.162

Two-parameter 36 ≤ N2 ≤ 200 Nc ≤ N2 − 17.6

Axial 17 ≤ N2 ≤ 31 Nc ≤ 0.97N2 − 5.40
αc = 25◦ Axial 32 ≤ N2 ≤ 200 Nc ≤ N2 − 6.00

Two-parameter 23 ≤ N2 ≤ 200 Nc ≤ N2 − 11.86

αc = 30◦ Axial 15 ≤ N2 ≤ 200 Nc ≤ N2 − 4.42
Two-parameter 17 ≤ N2 ≤ 200 Nc ≤ N2 − 8.78

Figure 7.5.2. Illustration of the trajectory described by the tip of the shaper tooth during the
relative motion between the shaper and the equivalent internal circular gear.
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Table 7.5.2. Gear data.

Number of teeth of the elliptical pinion, N1 31
Number of teeth of the internal noncircular gear, N2 62
Number of revolutions of the elliptical pinion, n 2
Module, m 4.0 mm
Pressure angle, α 20.0◦

Eccentricity of elliptical centrode σ1, e 0.2

Approach B is based on the following algorithm:

(1) The minimal curvature radius of centrode σ2 of the internal noncircular gear,
ρ2,min, is obtained by consideration of (see Eq. (2.8.8))

ρ2(θ2) =

[
r2(θ2)2 +

(
dr2

dθ2

)2
]3/2

r2(θ2)2 + 2
(

dr2

dθ2

)2

− r2(θ2)
d2r2

dθ2
2

(7.5.17)

dρ2

dθ2
= 0 (7.5.18)

Expressions r2(θ2),
dr2(θ2)

dθ2
, and

d2r2(θ2)

dθ2
2

have been represented in Section 7.4.

(2) The number of teeth for the equivalent internal circular gear is obtained as

N∗
2 = 2ρ2,min

m
(7.5.19)

(3) The limiting value of the number of shaper teeth can be obtained by application
of Table 7.5.1 (see Chapter 11 of Litvin & Fuentes, 2004).

7.5.3 Numerical Example

An internal noncircular gear drive based on a conventional elliptical pinion is con-
sidered. The gear data are shown in Table 7.5.2.

Parameter a of the elliptical centrode σ1 is obtained as (see Eq. (4.3.26))

a = N1mπ

4
∫ π/2

0

√
1 − e2 sin2 θ1dθ1

= 62.631089 mm

Table 7.5.3. Solution for Approach A.

Profile parameter of point M, θ M
s 0.517701 rad

Limiting value of the pitch radius of the shaper, ρ∗
s 82.541688 mm

Profile parameter of point K, θ K
s 0.172244 rad

Generalized parameter of motion for point K, θ K
2 −0.139680 rad

Polar angle for polar vector of point K, θ K
σ2

−0.031313 rad
Parameter of the trajectory of point M, θ2 0.620299 rad
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Figure 7.5.3. Observation of undercutting when Ns = 42 and nonundercutting when Ns = 41.

Center distance E of the gear drive is obtained as (see Eq. (7.3.6))

E = a[−1 +
√

1 + (n2 − 1)(1 − e2)] = 60.737850 mm

APPLICATION OF APPROACH A. The solution of the set of the nonlinear equations
corresponding to the Approach A provides the values of magnitudes (θ M

s , ρ∗
s , θ K

s ,

θ K
2 , θ K

σ2
, θ2) shown in Table 7.5.3.

The limiting value of the number of shaper teeth is obtained as

N∗
s = 2ρ∗

s

m
= 41.2708

Figure 7.5.3 shows the trajectories of point M in two cases: for Ns = 41 (ρs =
82 mm) and for Ns = 42 (ρs = 84 mm). The detail A of Fig. 7.5.3 shows that under-
cutting occurs for Ns = 42, whereas undercutting does not occur for Ns = 41.

APPLICATION OF APPROACH B. The minimal radius of curvature of centrode σ2 is
obtained at θ2 = 0 (see Fig. 7.3.1(a)). In this case,

ρ2,min = 1
1

E + a(1 + e)
+ e

a(1 − e2)

= 93.589402 mm

The number of teeth of the equivalent internal circular gear, N∗
2 , is obtained as

N∗
2 = 2ρ2,min

m
= 46.794701

Applications of results shown in Table 7.5.1 (see Chapter 11 of Litvin & Fuentes,
2004) provides the following limiting value of the number of shaper teeth:

N∗
s = 1.004N∗

2 − 9.162 = 37.8199

Approach B provides a more conservative result than the exact solution pro-
vided by Approach A.



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

8 Application for Design of Planetary Gear
Train with Noncircular and Circular Gears

8.1 Introduction

A planetary gear train with noncircular and circular gears (Litvin & Ketov, 1949)
may be applied in design for the following purposes:

(1) For providing a lesser pressure angle for each pair of applied gears of the dis-
cussed train.

(2) For design of a function y(x), x2 ≥ x ≥ x1, for which derivative y′ varies its sign
in the mentioned interval. The design function will be obtained as the output of
the planetary gear train. We recall that function y(x) with varied sign of y′(x)
cannot be generated by a pair of noncircular gears (see Section 10.3).

(3) For obtaining as the output of the planetary train a product f1(x) · f2(x) of two
nonlinear functions.

8.2 Structure and Basic Kinematic Concept of Planetary Train

We limit the discussions to a planetary gear train formed by two pairs of gears being
in external meshing. The first set of gears is formed by gears 1 and 2, and the second
set by gears 3 and 4 (Fig. 8.2.1). One of the gears, say gear 1, is held at rest. Gears 2
and 3 are called satellites. They are mounted on the carrier c and have two degrees
of freedom (i) in the motion with the carrier, and (ii) in relative motion, rotation
about the carrier.

Notation φ
(c)
41 indicates that transformation of rotation is performed from gear 1

to gear 4 wherein carrier c is held at rest, and gears 1 and 2, 3 and 4 form a conven-
tional gear train (not a planetary one). We then have

φ
(c)
41 = φ4(φ3(φ2(φ1))) (8.2.1)

Here, φ3 ≡ φ2 because gears 3 and 2 do not perform rotation with respect to each
other. Another notation, φ(1)

4c , indicates that transformation of rotation is performed
from carrier c to gear 4 wherein gear 1 is held at rest. It follows from the kinematics
of a planetary gear train that

φ
(1)
4c = φ

(c)
41 − φ1 (8.2.2)

138
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Figure 8.2.1. Structure of planetary train with two pairs of gears and
carrier c.

Equation (8.2.2) may be obtained as follows:

(1) Consider that all four gears and the carrier perform rotation being rotated as
a rigid body. The angle of rotation is φc and the positions of the gears and the
carrier are determined by φc.

(2) However, because gear 1 is fixed, it is necessary to return gear 1 to the initial
position. This is obtained by rotation of gear 1 in the direction that is opposite to
the rotation performed in stage 1. The angle of rotation is |φ1| = |φc|. At stage
2, the rotations of gears 1, 2, 3, and 4 are performed about their axes and the
positions of the gears are determined by Eq. (8.2.2).

The final positions of the gears and the carrier obtained by rotation at steps 1
and 2 are determined by Eq. (8.2.2). This yields Eq. (8.2.2), which may be repre-
sented as

φ
(1)
4c = φ

(c)
41 − φ1 = φ4(φ3(φ2(φ1))) − φ1 (8.2.3)

Equation (8.2.3) has been derived considering that gears 1 and 2, 3 and 4, are
in external meshing. The discussed approach may be extended for the case wherein
gears of the planetary train have a mixed meshing, external and internal.

8.3 Planetary Gear Train with Elliptical Gears

Figure 8.3.1(a) shows a planetary gear with two pairs of identical elliptical gears 1
and 2, 3 and 4. The purpose of application of two pairs of gears is increasing the
variation of the ratio of angular velocities of the input and output links of the train,
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Figure 8.3.1. Planetary gear train with two pairs of elliptical gears: (a) initial position of car-
rier c and elliptical gears 1, 2, and 3, 4; (b) position of gears 2, 3, 4 and carrier c after rotation
of carrier on angle φc whereas gear 1 is held at rest.

but with observation of limitation of pressure angle α12 for each pair of two elliptical
gears (see Section 3.4).

The derivation of transmission function φ
(c)
41 (see Eq. (8.2.1)) is performed as

follows:

(i) Transmission function φ2(φ1) is determined as (see Section 4.3.2.1)

tan
(

φ2

2

)
=
(

1 + e
1 − e

)
tan

φ1

2
(8.3.1)

(ii) Similarly, we obtain that

tan
(

φ4

2

)
=
(

1 + e
1 − e

)
tan

φ3

2
(8.3.2)

We take into account in further derivations that φ3 ≡ φ2. Gears 2 and 3 are
mounted on the carrier and perform rotation with respect to the carrier with
the same angular velocity.

(iii) Equations (8.3.1) and (8.3.2) yield

φ
(c)
41 = 2 arctan

[(
1 + e
1 − e

)2

tan
(

φ1

2

)]
(8.3.3)

The meaning of Eq. (8.3.3) is that application of two pairs of elliptical gears is
equivalent to application of one pair of elliptical gears with a very large eccentricity.



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

8.4 Planetary Gear Train with Noncircular and Circular Gears 141

Figure 8.3.2. Illustration of (a) transmission function φ4(φc); (b) derivative function m4c =
ω4/ωc.

However, large eccentricity is accompanied with a large pressure angle (see Section
3.4), but this is avoided by application of a planetary gear train with two pairs of
elliptical gears.

Drawings of Fig. 8.3.2(a) show that the output of the planetary train (func-
tion φ4(φc)) is a function of reverse motion of gear 4 performed while the carrier
is rotated in the same direction. Figure 8.3.2(b) shows that the derivative function
m4c(φc) varies its sign in the interval of generation. Such variation (of the sign) is im-
possible for generation of a function by application of one pair of noncircular gears
(see Chapter 10).

8.4 Planetary Gear Train with Noncircular and Circular Gears

It will be represented in Chapter 10 that generation of a function y(x) requires that
the derivative y′(x) must be positive in the interval of generation. This obstacle may
be avoided if instead of y(x) the following function is generated:

y1(x) = y(x) + bx (8.4.1)

with observation y′
1(x) > 0 in the interval of generation.
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To obtain as the output function y(x) with a varied sign of derivative y′(x), it
becomes necessary the subtraction of linear function

y2(x) = bx (8.4.2)

from function y1(x). Such subtraction has been performed by application of a spiral
bevel gear differential for derivation of y(x) = sin x (see Chapter 10).

Similar generation may be accomplished by application of a planetary gear train
as follows:

(1) Assume that noncircular gears 1 and 2 (Fig. 8.2.1) generate the function Eq.
(8.4.1). Circular gears 3 and 4 are designed with gear ratio 1, and φ

(c)
41 is propor-

tional to y1(x) = y(x) + bx.
(2) Taking into account Eq. (8.2.2), we obtain that the output of the planetary train,

φ
(1)
4c , is proportional to function y(x) = sin x.
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9 Transformation of Rotation into Translation
with Variation of Gear Ratio

9.1 Introduction

Meshing of a noncircular gear with a rack is considered in this book in two different
ways: (i) wherein the rack is a generating tool, and (ii) the rack and the noncircular
gear form a mechanism for transformation of motion.

Figure 9.1.1 illustrates that for previous case (ii), rotation with angular veloc-
ity ω1 is transformed into translation with velocity v2 and the ratio ω1/v2 varies.
The mechanism applied for such transformation of motion (Fig. 9.1.1) is formed by
a noncircular gear 1 and rack 2. The centrodes 1 and 2 are curves determined by
function s2(φ1), denoted as F (φ1).

The instantaneous point I of tangency of centrodes (Fig. 9.1.1) is determined as
follows:

(1) The derivative F ′(φ1) of function s2(φ1) = F (φ1) is obtained as

F
′
(φ1) = ds2

dφ1
=
(

ds2

dt

)(
dt

dφ1

)
= v2

ω1
(9.1.1)

where v2 = ds2

dt
is the instantaneous velocity of translation of rack 2, and

dφ1

dt
is

the instantaneous velocity of rotation of noncircular gear 1.
(2) The instantaneous center I of rotation of gear 1 and rack 2 (in relative motion)

is located at a point of line O1n. Here, O1 is the center of rotation of the gear
1, and O1n is drawn perpendicular to velocity v2 of translation. The relative
velocity v12 = v1 − v2 is equal to zero at point I.

(3) The location |O1 I | of the instantaneous center of rotation on line O1n is deter-
mined as

v2 = v1 = ω1 × O1 I

We then obtain that

|O1 I | = v2

ω1
= F ′(φ1) (9.1.2)

143



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

144 Transformation of Rotation into Translation with Variation of Gear Ratio

Figure 9.1.1. Centrodes 1 and 2 of a noncircular
gear and a rack.

9.2 Determination of Centrodes of Noncircular Gear and Rack

Centrodes 1 and 2 are traced out by the instantaneous center I of rotation in coordi-
nate systems S1 and S2 that are rigidly connected to gear 1 and rack 2, respectively.

(i) Centrode 1 is a polar curve determined as

r1(φ1) = F ′(φ1) (9.2.1)

The polar axis is O1 A1 (Fig. 9.2.1(a)), and r1(φ1) is the current position vector
of centrode 1.

(ii) Centrode 2 (Fig. 9.2.1(b)) is represented in coordinate system (x2, y2) by

x2 =
∫ φ1

0
r1(φ1)dφ, y2 = r1(φ1) − r (0)

1 (φ(0)
1 ) (9.2.2)

9.3 Application of Mechanism Formed by a Noncircular Gear and Rack

Consider that the mechanism formed by a noncircular gear and a rack shown in Fig.
9.1.1 is applied for generation of function y = f (x), x2 ≥ x ≥ x1 as follows:

(i) Angle φ1 of rotation of noncircular gear and translation s2 of rack are repre-
sented as

φ1 = κ1(x − x1) (9.3.1)

s2 = κ2(y − y1) = κ2[ f (x) − f (x1)] (9.3.2)

where κ1 and κ2 are scalar coefficients. Equations (9.3.1) and (9.3.2) determine
function s2(φ1) parametrically.
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Figure 9.2.1. Toward derivation of centrodes 1 and 2: (a) centrode 1 of noncircular gear;
(b) centrode 2 of rack.

(ii) Function of gear ratio is obtained as

F ′(φ1) = ds2

dφ1
=
(

ds2

dx

)(
dx
dφ1

)
= κ2

κ1
f ′(x) (9.3.3)

(iii) Gear centrode (Fig. 9.2.1(a)) is determined parametrically as

φ1 = κ1(x − x1) (9.3.4)

r1(x) = κ2

κ1
f ′(x) (9.3.5)

(iv) The centrode of the rack is determined in coordinate system (x2, y2) as

x2(x) = κ2[ f (x) − f (x1)] (9.3.6)

y2(x) = r1 − r10 = κ2

κ1
[ f ′(x) − f ′(x1)] (9.3.7)

Axis x2(x) coincides with the direction of translational motion of the rack. We
recall that derivative f ′(x) of the generated function y(x) is to be a smooth and
differentiable function.
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Figure 9.3.1. Illustration of centrodes 1 and 2 determined for generation of function y(x) =
κ3x2.

NUMERICAL EXAMPLE 9.3.1. Consider generation of function y(x) = κ3x2, xa ≥ x ≥
xb, where xa = 200 m, xb = 1,200 m, κ3 = 2.5 × 10−6 s/m. Centrode 1 is an unclosed
curve. Coefficient κ1 = 0.4 · (π/360) 1/m; κ2 = 1/12 1/s. The units of x and y are in
meters (m) and seconds (s), respectively.

The angle of rotation of gear and displacement s2 of the rack are represented as

φ1(x) = κ1(x − xa) (9.3.8)

s2(y) = κ2(y − y(xa)) (9.3.9)

where κ1 and κ2 are the assigned coefficients. The gear centrode is represented by

φ1(x) = κ1(x − xa) (9.3.10)

r1(x) = ds2

dφ1
= 2κ2κ3

κ1
x (9.3.11)

It is easy to verify that r1(φ1) is an Archimedes spiral.
The centrode of the rack is represented in coordinate system (x2, y2) by

x2 = κ2κ3(x2 − x2
a ) (9.3.12)

y2 = r1(x) − r(xa) = 2κ2κ3

κ1
(x − xa) (9.3.13)

Centrodes 1 and 2 are represented in Fig. 9.3.1.
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10 Tandem Design of Mechanisms for Function
Generation and Output Speed Variation

10.1 Introduction

In the past, generation of functions based on synthesis of planar linkages was the
subject of research of many distinguished researchers based on synthesis of planar
linkages (Artobolevski et al., 1959; Burmester, 1888; Chebyshev, 1955; Freudenstein,
1955). The success of modern technology for the manufacture of noncircular gears
has inspired researchers to apply noncircular gears for generation of functions
(Dooner, 2001; Litvin et al., 2008; Ottaviano et al., 2008; Modler et al., 2009; Litvin
et al., 2009).

The contents of this chapter cover generation of functions by a single pair of
noncircular gears and a new approach for generation of functions by application of
a multigear drive with noncircular gears. It follows from the kinematics of gear gen-
eration that function y(x), x1 ≤ x ≤ x2, to be generated must be a monotonous in-
creasing function with derivative y′(x) > 0. In the case wherein the derivative y′(x)
is of a varied sign in the interval of derivation, an algorithm for function generation
is represented (see Section 10.3).

The application of a multigear drive with noncircular gears for function genera-
tion has the following advantages: (i) obtaining an integrated impact for the output
results, (ii) favorable conditions of force transmission, and (iii) performance of syn-
thesis with a number of design parameters substantially increased.

The specific characteristic of the proposed approach for application of a multi-
gear drive is illustrated as follows:

(a) Figure 10.1.1 shows the centrodes of a gear drive wherein only a single pair of
gears is applied (Fig. 10.1.1(a)) for generation of function ψ(α) (Fig. 10.1.1(b)).

(b) Figure 10.1.2(a) shows the case wherein two pairs of gears are applied for gener-
ation of function ψ(α) (10.1.2(b)). We then have that (i) the transmission func-
tion of centrodes 1 and 2 is β(α) ≡ g1(α), and (ii) transmission function of gears
3 and 4 is δ(γ ) ≡ g2(g1(α)).

(c) It is shown later that the shape of a pair of centrodes that generate function
gi (α) depends on the derivative dgi/dα . Figures 10.1.3(a), (b), and (c) show the
derivatives of transmission functions for the cases wherein the design is based

147
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Figure 10.1.1. (a) Illustration of centrodes of a single pair of noncircular gears; (b) function
β(α) ≡ ψ(α) generated by centrodes.

on application of (i) one pair of gears (Fig. 10.1.3(a)), (ii) two pairs of gears (Fig.
10.1.3(b)), and (iii) three pairs of gears (Fig. 10.1.3(c)). Centrodes of a multigear
drive with three pairs of gears are shown in Fig. 10.1.4.

Drawings of Fig. 10.1.3 confirm that the magnitude of the derivative of the trans-
mission function is substantially decreased in a multigear drive. Another advantage
of application of a multigear drive is the increase of the integrated impact of the
final output result.

The theory of design of a multigear drive has been developed and is represented
here. This chapter also covers the tandem design of a planar linkage coupled with
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Figure 10.1.2. (a) For generation of function z = ln u, 1 < u < 100, by two pairs of noncircular
gears; (b) function ψ(α) assigned for generation and g1(α) ≡ β(α). Function δ(γ ) ≈ β(α).

noncircular gears for a broader variation of the output speed. This is illustrated with
examples of design of:

(a) Tandem design of a double-crank mechanism coupled with two pairs of noncir-
cular gears.
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Figure 10.1.3. Illustration of derivative function for (a) a single gear pair; (b) two pairs of
gears; (c) three pairs of gears.
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Figure 10.1.4. (a) For generation of function z = ln u, 1 < u < 100, by three pairs of noncir-
cular gears, (b) transmission functions g1(α), g2(g1(α)), and ψ(α) ≡ g3(g2(g1(α))).

(b) Tandem design of a crank-slider linkage coupled with modified elliptical gears.
(c) Tandem design of Scotch-Yoke mechanism coupled with noncircular and circu-

lar gears.
(d) Tandem design of mechanism formed by two pairs of noncircular gears and

racks.
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The developed theory is illustrated with several detailed numerical examples. A
functional for generation of a function by a pair of identical centrodes is represented
in Section 4.5.

10.2 General Aspects of Generation of Functions

The following conditions must be observed for generation of functions by noncircu-
lar gears:

(1) The function chosen for generation must satisfy the requirement for a function
to be strongly monotonic (Korn & Korn, 1968):

A real function f (x) of a real variable x is strongly monotonic in (a, b) if f (x)
increases as x increases in (a, b) (increasing monotonic function), or if f (x) de-
creases as x increases in (a, b) (decreasing monotonic function).

(2) We assume that the function to be generated is a strongly increasing monotonic
function in the considered interval, and for x1 < x2 we have that f (x1) < f (x2).

(3) Depending on the type of f (x), the centrodes of noncircular gears that gen-
erate f (x), might be closed or unclosed curves. The conditions for obtaining
centrodes as closed curves are formulated in Section 2.6.

(4) The main idea of generation of f (x) by noncircular gears is that the angles φ1

and φ2 of rotation of gear 1 and 2 are proportional to (x − x1) and f (x) − f (x1),
respectively.

(5) The scalar coefficients k1 and k2 in

φ1 = k1(x − x1), φ2 = k2[y(x) − y(x1)] (10.2.1)

are constant and represent the proportionality discussed previously. Coeffi-
cients k1 and k2 must be assigned observing limitations of pressure angle α12

of the gear mechanism (see Section 3.4). In some cases, it may require genera-
tion of the function by two (even more) pairs of noncircular gears performing
transformation of rotation in sequence (as represented later) for the purpose of
reduction of the pressure angle.

(6) It is obvious that although the rotation of noncircular gears is performed with
variation of gear ratio, the direction of rotation of the gears cannot be changed
in the process of transformation of rotation. Simple derivations yield

m21(x) = dφ2

dφ1
= k2

k1
f ′(x) (10.2.2)

It follows from Eq. (10.2.2) that the derivative f ′(x) of the function being gen-
erated must be positive in the interval of generation, x2 ≥ x ≥ x1.

(7) A special approach that allows generation of function f (x) with variation of the
sign of the derivative f ′(x) is represented in the next section.
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Figure 10.3.1. Illustration of functions y1(x) = sin x + bx, y2(x) = x, y(x) = a sin x.

10.3 Generation of Function with Varied Sign of Derivative

Function y(x), x1 ≤ x ≤ x2, to be generated by a pair of noncircular gears, must
be a monotonous increasing function for which derivative y′(x) > 0. The following
procedure is applied for generation of a function wherein the derivative y′(x) is of a
varied sign in the interval of derivation (Fig. 10.3.1):

(a) Instead of function y(x) assigned for generation (wherein y′(x) is of a varied
sign), function

y1(x) = y(x) + bx, x1 ≤ x ≤ x2, (10.3.1)

is generated. The conditions of generation of a function by a pair of noncircular
gears, formulated as

y′
1(x) ≥ 0,

may then be observed.
(b) Function y(x) assigned for generation is obtained by the approach illustrated

by Fig. 10.3.2 as follows:
(i) Function

y2(x) = bx (10.3.2)

is subtracted from y1(x) by application of a gear differential. Two gear mech-
anisms formed by (a) noncircular gears 1 and 2, and (b) circular gears 3 and
4, are applied.

(ii) Gears 1 and 3 are mounted on the same shaft, and angles φ1 and φ3 are pro-
portional to the variable x. The design of centrodes of gears 1 and 2 pro-
vides that angle of rotation of gear 2 is proportional to the function given by
Eq. (10.3.1); similarly, angle of rotation of gear 4 is proportional to the func-
tion given by Eq. (10.3.2).
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Figure 10.3.2. Structure of gear mechanism formed by a bevel gear differential (bevel gears
I and I I , satellite s, and carrier c), noncircular gears 1 and 2, and circular gears 3 and 4.

(iii) Rotations of gears 2 and 4 are provided to the carrier c of the satellite s of
the gear differential, and to gear I I of the differential, respectively.

(iv) The differential provides the following relation between the angles of rota-
tion of the carrier c and gears I and I I (Fig. 10.3.2):

φI + φI I = 2φc (10.3.3)

Angle of rotation φc is equivalent to φ2, and angle of rotation φI I is equiva-
lent to φ4.
Equation (10.3.3) yields

φI = 2φc − φI I , φc ≡ φ2, φI I ≡ φ4 (10.3.4)

where φ2 is proportional to y1(x) represented by Eq. (10.3.1) and φ4 is pro-
portional to y2(x) represented by Eq.(10.3.2).
We assign for the design that

φ4 = 2bφ3, φ3 ≡ φ1 (y2(x) = 2x) (10.3.5)

(v) Equations (10.3.4) and (10.3.5) yield that angle φI of rotation of gear I of the
differential is obtained as proportional to function y(x) assigned for design

φI = 2φ2 − φ4 = 2(y(x) + bx) − 2bx = 2y(x) (10.3.6)

Variation of function y(x) by the magnitude and sign will cause variation of
angle φI of rotation of gear I of the differential. This means that gear I will
be rotated with varied angular velocity in two directions.

NUMERICAL EXAMPLE 10.3.1: GENERATION OF FUNCTION y(x) = asin x, 0 ≤ x ≤ 2π. The
derivative of the to-be-generated function is y′(x) = a cos x and its sign is varied in
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the interval of function generation 0 ≤ x ≤ 2π . The scheme of function generation
with varied signed represented by Fig. 10.3.2 is applied.

Noncircular gears 1 and 2 must be designed for generation of function

y1(x) = sin x + bx, 0 ≤ x ≤ 2π (10.3.7)

Design of noncircular gears 1 and 2 (Fig. 10.3.2) must cover determination of their
centrodes by application of the following procedure:

(i) The angles of rotation of gears 1 and 2 are represented by

φ1 = k1(x − x1), φ2 = k2[y1(x) − y1(x1)], x1 = 0 (10.3.8)

Here, k1 and k2 are scale coefficients determined as

k1 = φ1,max

x2 − x1
, k2 = φ2,max

y1(x2) − y1(x1)
, x2 = 2π, x1 = 0 (10.3.9)

Taking that gears 1 and 2 will perform in the process of generation turns on
φ1,max = φ2,max = 2π , we obtain

k1 = 1, k2 = 1
b

(10.3.10)

(ii) The coefficient b may be determined by observation of the following condi-
tions: (a) y′(x) > 0, and (b) centrodes of gears 1 and 2 must be convex.

(iii) The gear ratio function is

m21(x) = dφ2

dφ1
= cos x

b
+ 1 (10.3.11)

It is obvious that m21(x) > 0 because b > 1. The conditions of convexity of cen-
trodes 1 and 2 have been represented in Section 2.9 by inequalities represented
by Eq. (2.9.2) and (2.9.3). The condition of convexity of centrode 1 yields

(cos x + b)3 + 2b(1 + b cos x) + b2(b + cos x) ≥ 0 (10.3.12)

We then assume that there is such a limiting value of b with which the left side
of Eq. (10.3.12) does not become equal to zero at x = π . This yields that the
left side of Eq. (10.3.12) is not equal to zero at other values of x of the interval
2π ≥ x ≥ 0. This allows us to obtain an inequality:

(b − 1)2 − 2b + b2 ≥ 0 (10.3.13)

because b > 1.
It follows from Eq. (10.3.13) that the limiting value of b is blim ≥ 1.707. Analysis
of condition of convexity of centrode of gear 2 (centrode 2) yields the same
limiting value of b, blim ≥ 1.707. Observation of condition blim = 1.707 means
that the centrode will have a point with curvature κ1 = 0.

(iv) Equations (10.3.8) with coefficients of Eq. (10.3.10) yield the following trans-
mission function,

φ2(φ1) = φ1 + 1
b

sin φ1, 0 ≤ φ1 ≤ 2π (10.3.14)



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

156 Tandem Design of Mechanisms for Function Generation and Output Speed Variation

The derivative function is

m12(φ1) = dφ1

dφ2
= 1

1 + 1
b

cos φ1

(10.3.15)

(v) Equations (2.4.2), (2.4.4), and (2.4.5) (see Chapter 2) yield the following equa-
tions for centrodes σ1 and σ2 of noncircular gears 1 and 2 (Fig. 10.3.2): For σ1,
we have

r1(φ1) = E
1 + m12(φ1)

= E
1 + 1

b
cos φ1

2 + 1
b

cos φ1

(10.3.16)

For σ2, we have

r2(φ1) = E
1

2 + 1
b

cos φ1

, φ2(φ1) = φ1 + 1
b

sin φ1 (10.3.17)

Center distance E is just a scale coefficient. Centrodes σ1 and σ2, deter-
mined with coefficients b = 1.707 and b = 1.400, are represented in Figs. 10.3.3
and 10.3.4. Centrode 1 in Fig. 10.3.4 is convex-concave.

(vi) We assign for the design that

φ4 = 2φ3, φ3 = φ1 (10.3.18)

(vii) Function y(x) = a sin x will be obtained from gear I of the differential as

φI = 2φc − φI I = 2φ2 − φ4 = 2
(

φ1 + 1
b

sin φ1

)
− 2φ1 = 2

b
sin φ1 (10.3.19)

wherein
2
b

= a.

Noncircular gears with the developed centrodes may be generated by the en-
veloping method by using a hob and a shaper for centrodes shown in Figs. 10.3.3
and 10.3.4, respectively.

10.4 Introduction to Design of Multigear Drive with Noncircular Gears

10.4.1 Basic Functionals

Consider that a given function ψ(α) is generated by a gear drive formed by n pairs of
noncircular gears (Fig. 10.4.1). Each pair of gears with conjugated centrodes σ1 and
σ2 (generally σ1 does not coincide with σ2) generates a function f (α). The functional
of the gear drive with n pairs is represented as

ψ(α) = f ( f ( f (. . . f (α)))) =
∏

f (α) (10.4.1)

The solution of the functional means determination of function f (α) consider-
ing as given ψ(α). Knowing f (α), it becomes possible to derive a pair of centrodes σ1
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Figure 10.3.3. Illustration of (a) centrodes of noncircular gears for generation of function
y1(x) with coefficient b = 1.707; (b) transmission function φ2(φ1) wherein coefficient b =
1.707.

and σ2 for generation of function f (α). However, the solution of Functional (10.4.1)
(determination of f (α)), even if such solution exists, is a difficult problem.

For the case of generation of ψ(α) by application of n pairs of noncircular gears,
we use the functional

ψ(α) = gn(gn−1(gn−2(. . . g1(α)))), gk(α) �= gk−1(α) (10.4.2)

with observation of following conditions:

(i) Each function gk (k = 1, . . . , n) is generated by a pair of conjugated centrodes
(σ (k)

1 , σ
(k)
2 ), k = 1, . . . , n.

(ii) Centrode σ
(k)
1 is mounted on the shaft of centrode σ

(k−1)
2 , and the angles of

rotation φ2k−1 and φ2k−2 of centrodes σ
(k)
1 and σ

(k−1)
2 , respectively, are equal

(see Fig. 10.4.2).
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Figure 10.3.4. Illustration of (a) centrodes of noncircular gears for generation of function
y1(x) with coefficient b = 1.400; (b) transmission function φ2(φ1) wherein coefficient b =
1.400.

Figure 10.4.1. Schematic illustration of assembly of four pairs of gears on collinear shafts.
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Figure 10.4.2. A pair of centrodes σ
(k)
1 and σ

(k)
2 in a gear drive formed by n pairs of centrodes.

(iii) Angle α is the input parameter and represents the angle of rotation of cen-
trode σ

(1)
1 of the pair of centrodes (σ (1)

1 , σ
(1)
2 ). The angle of rotation of cen-

trode σ
(k)
1 is proportional to function gk−1(α) ≡ φ2k−1(α) (see Fig. 10.4.2). The

angle of rotation of centrode σ
(k)
2 is proportional to function gk(α) ≡ φ2k(α)

(see Fig. 10.4.2). The angle of rotation of centrode σ
(n)
2 is proportional to the

generated function ψ(α).
(iv) The maximal angles of rotation of any pair of conjugated centrodes (σ (k)

1 , σ
(k)
2 )

are equal. The generation of all functions gn(gn−1(· · · g2(g1(α)))) is started and
finished at the same positions of the gear drive formed by noncircular gears.
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Figure 10.4.3. Illustration of mean value function and function increase.

(v) The developed algorithm for generation of given function ψ(α) is based on
derivation of centrodes wherein gk(α) �= gk−1(α). The generation of given func-
tion ψ(α) by the multigear drive is performed exactly.

(vi) Generation of ψ(α) by Functional (10.4.2) is in some sense equivalent to the
split of ψ(α) between the generating gears (centrodes). It allows us to re-
duce the pressure angle and provide a favorable shape for the centrodes. This
great advantage is achieved due to the reduction of the derivatives of functions
gk(gk−1) with respect to function ψ(α) (see numerical examples following).

(vii) The split of function ψ(α) by its generation (see Functional (10.4.2)) may be
applied as well for technological processes, not only for generation of func-
tions.

10.4.2 Interpretations of Lagrange’s Theorem

Two interpretations of Lagrange’s theorem are considered:

(a) Mean Value Theorem (Korn & Korn, 1968). Assume that function f (x) is con-
tinuous on the closed interval [a, b] and continuously differentiable on the open
interval (a, b). There is then such a point c (Fig. 10.4.3) where

f (b) − f (a)
b − a

= f ′(c), x(c) = a + θ(b − a), 0 < θ < 1 (10.4.3)
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Equation (10.4.3) means that on the smooth curve (Fig. 10.4.3) between (A, B),
there is such a point C at which the tangent is parallel to the chord A − B.

(b) Final Increment of Function (Fichtengolz, 1958). Using Eq. (10.4.3), we may
formulate the final increase of a function. Assume that at point x = xo, there is
an increase of �x. Equation (10.4.3) then yields

f (xo + �x) − f (xo)
�x

= f ′(xo + θ�x), 0 < θ < 1 (10.4.4)

The increase � f (xo) of the function is represented as � f (xo) = f (xo + �x) −
f (xo).
Assume now that we consider the increase of function f (a) at point a, where
the increase �x is h = b − a; then we obtain from Eq. (10.4.4) that the increase
of function on the interval (a, b) is

f (a + h) − f (a)
h

= f ′(a + θh), 0 < θ < 1 (10.4.5)

10.4.3 Illustration of Application of Lagrange’s Theorem for Functional
ψ (α) = g2(g1(α))

The functional applied for generation of given function ψ(α) is represented as

ψ(α) = g2(g1(α)) (10.4.6)

Centrodes σ
(1)
1 and σ

(1)
2 (see Fig. 10.1.2(a)) generate function g1(α) ≡ β(α). Cen-

trodes σ
(2)
1 and σ

(2)
2 (see Fig. 10.1.2(a)) generate function g2(α) ≡ δ(α). Function

g2(α) �= g1(α) and centrodes σ
(1)
1 and σ

(1)
2 are not identical to centrodes σ

(2)
1 and

σ
(2)
2 , respectively. The centrodes might be as well non-closed, but the maximal an-

gles of rotation of all centrodes must be equal.

10.4.3.1 Previous Solutions for ψ (α) = f ( f (α)).
Collatz approach (Collatz, 1951) is based on the following considerations:

(i) It is assumed that the solution for the functional

ψ(α) = f ( f (α)) (10.4.7)

exists.
(ii) In addition, it is assumed that function ψ(α) may be represented as a power

series

ψ(α) =
∞∑

n=1

ψnα
n (10.4.8)

(iii) The solution of Functional (10.4.7) may then be obtained as

f (α) =
∞∑

n=0

anα
n (10.4.9)
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Figure 10.4.4. Illustration of discrete representation of function f (α) as the solution of func-
tional ψ(α) = f ( f (α)) with given function ψ(α).

The coefficients an are determined by solution of nonlinear equations obtained
by simultaneous consideration of Eqs. (10.4.7), (10.4.8), and (10.4.9). A com-
puterized procedure for determination of coefficients an in Eq. (10.4.9) is to be
provided.

Collatz has considered as well a particular case wherein the sought-for func-
tion f (α) may be represented discretely. Consider functional ψ(α) = f ( f (α)) with
a given function ψ(α). It is known from Collatz (Collatz, 1951) that f (α) may be
represented discretely if a single point A of f (α) is known exactly, and the limita-
tion is that f (αi ) �= i .

Drawings of Fig. 10.4.4 show the discrete presentation of f (α) that is based on the
relations

αi+1 = f (αi ), f (αi+1) = ψ(αi ) (10.4.10)

Considering point A of f (αi ) as known, points D, C, . . . , of f (α) may be deter-
mined.

Differentiation of Eq. (10.4.10) provides

f ′(αi ) · f ′(αi+1) = ψ ′(αi ) (10.4.11)

Denoting αi and αi+1 as conjugated, we may represent Eq. (10.4.11) as

f ′(αi ) · f ′[ f (αi )] = ψ ′(αi ) (10.4.12)



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

10.4 Introduction to Design of Multigear Drive with Noncircular Gears 163

The disadvantages of the discrete presentation of f (α) are (i) the exact solution
of ψ(α) = f ( f (α)) is required for at least one point of f (α); (ii) the location of
conjugated points of f (α) is prescribed ahead. However, an iterative process for
discrete presentation of f (α) may be applied.

An approximate solution of Functional (10.4.7) was proposed by Kislitzin
(Kislitzin, 1955) by considering the functional

φ(φ(x)) = f (x) (10.4.13)

The approximate solution of Functional (10.4.13) was represented by Kislitzin as

φ(x) ≈ f (x) + x
√

f ′(x)

1 +√
f ′(x)

(10.4.14)

Litvin (Litvin, 1956) has considered the Functional (10.4.6) and applied
the Lagrange’s theorem for the mean value of a function (Korn & Korn, 1968) for
derivation of g1(α) (see below). In addition, Litvin has proposed the derivation of
centrodes for g1(α) and g2(α) that provide exact generation of ψ(α).

10.4.3.2 Computational Procedure for Functional (10.4.6).
The approach proposed by Litvin (Litvin, 1956) has been extended now for gear
drives with n pairs of centrodes.

The approach for a gear drive with two pairs of gears is formulated as follows:

(1) Lagrange equation (similar to Eq. (10.4.5)) states

g1(α + h) − g1(α)
h

= g′
1(α + θh), 0 < θ < 1 (10.4.15)

(2) Taking in Eq. (10.4.15) h = g1(α) − α, h �= 0, we obtain

g1(α + h) = g1{α + [g1(α) − α]} = g1(g1(α)) = ψ(α) (10.4.16)

(3) Equations (10.4.15) and (10.4.16) yield

ψ(α) − g1(α)
g1(α) − α

= g′
1{α + θ [g1(α) − α]} (10.4.17)

(4) It follows from Eq. (10.4.16) that

g′
1(g1(α))g′

1(α) = ψ ′(α) (10.4.18)

(5) The sought-for function g1(α) should not deviate substantially from a straight
line at the interval h, and therefore we may take that

g′
1(α) ≈ g′

1[g1(α)] ≈ g′
1{α + θ [g1(α) − α]} (10.4.19)

(6) Equations (10.4.18) and (10.4.19) yield

g′
1(α) ≈ g′

1[g1(α)] ≈ g′
1{α + θ [g1(α) − α]} ≈

√
ψ ′(α) (10.4.20)



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

164 Tandem Design of Mechanisms for Function Generation and Output Speed Variation

(7) Considering Eqs. (10.4.17) and (10.4.20), we obtain

ψ(α) − g1(α)
g1(α) − α

≈
√

ψ ′(α) (10.4.21)

(8) Solution of Eq. (10.4.21) for g1(α) yields the following expression of g1(α):

g1(α) ≈ ψ(α) + α
√

ψ ′(α)

1 +√
ψ ′(α)

(10.4.22)

(9) Equation (10.4.22) is the approximate solution for functional

ψ(α) = g2(g1(α)) (10.4.23)

The importance of Eq. (10.4.22) is that knowing ψ(α), α, and ψ ′(α), it becomes
possible to derive the coupled noncircular gears (Fig. 10.1.2).

The procedure of computation of centrodes provides that centrodes (σ (1)
1 , σ

(2)
1 )

and (σ (1)
2 , σ

(2)
2 ) are not identical. A procedure of derivation of coupled centrodes is

proposed that allows exact generation of function ψ(α).

NUMERICAL EXAMPLE 10.4.1: GENERATION OF FUNCTION z = ln u, 1 < u < 100, BY A GEAR

DRIVE WITH n = 1 PAIR OF NONCIRCULAR GEARS. A gear drive based on one pair of
noncircular gears (Fig. 10.1.1) is applied for function generation. Derivation of cen-
trodes σ1 and σ2 is based on the following procedure:

(1) Intervals of rotation of the two centrodes are considered to be equal:

0 < α < 10π/6, 0 < ψ < 10π/6

(2) Angle of rotation of centrode σ
(1)
1 , α, is proportional to independent variable u,

and scalar coefficient k1 is determined from

α = k1(u − umin) + αmin

Here, umin = 1, αmin = 0 rad.
(3) Angle of rotation of centrode σ

(2)
2 , ψ , is proportional to dependent variable z,

and scalar coefficient k2 is determined from

ψ = k2(z − zmin) + ψmin

Here, zmin = ln 1, ψmin = 0 rad.
(4) Scalar coefficients k1 and k2 are obtained as

k1 = αmax − αmin

umax − umin
= 10π/6 − 0

100 − 1

k2 = ψmax − ψmin

zmax − zmin
= 10π/6 − 0

ln 100 − ln 1

(5) Function ψ(α) is represented as

ψ(α) = k2

[
ln
(

α − αmin

k1
+ umin

)
− zmin

]
+ ψmin
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(6) Function ψ(α) allows us to determine the centrodes σ1 and σ2 in their respective
coordinate systems S1 and S2 as

r1 = E
1

1 + m12
= E

1

1 + 1
ψ ′(α)

r2 = E − r(1)
1

r1x = −r(1)
1 sin(α − αmin)

r1y = +r(1)
1 cos(α − αmin)

r2x = −r(1)
2 sin(ψ − ψmin)

r2y = −r(1)
2 cos(ψ − ψmin)

Here, E is the center distance chosen in this numerical example as E = 400 mm.

Figure 10.1.1(a) shows the pair of centrodes, and Figure 10.1.1(b) shows the gener-
ated function ψ(α).

NUMERICAL EXAMPLE 10.4.2: GENERATION OF FUNCTION z = ln u, 1 < u < 100, BY A GEAR

DRIVE WITH n = 2 PAIRS OF NONCIRCULAR GEARS. A gear drive based on two pairs
of noncircular gears with center distance E = 400 mm is applied for the purpose of
function generation (see Fig. 10.1.2). Derivation of centrodes σ

(1)
1 , σ

(1)
2 , σ

(2)
1 , σ

(2)
2 is

based on the following procedure:

(1) Intervals of rotation of all centrodes are considered as equal:

0 < α < 10π/6, 0 < β < 10π/6, 0 < γ < 10π/6, 0 < ψ < 10π/6

(2) Angle of rotation of centrode σ
(1)
1 , α, is proportional to independent variable u,

and the scalar coefficient k1 is obtained from

α = k1(u − umin) + αmin

Here, umin = 1, αmin = 0 rad.
(3) Angle of rotation of centrode σ

(2)
2 , ψ , is proportional to dependent variable z,

and the scalar coefficient k2 is obtained from

ψ = k2(z − zmin) + ψmin

Here, zmin = ln 1, ψmin = 0 rad.
(4) We then have

k1 = αmax − αmin

umax − umin
= 10π/6 − 0

100 − 1

k2 = ψmax − ψmin

zmax − zmin
= 10π/6 − 0

ln 100 − ln 1
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(5) Function ψ(α) is derived as

ψ(α) = k2

[
ln
(

α − αmin

k1
+ umin

)
− zmin

]
+ ψmin

(6) Function β(α) ≡ g1(α) generated by the first pair of centrodes is represented by
Eq. (10.4.22).

(7) Function g1(α) allows us to determine the centrodes σ
(1)
1 and σ

(1)
2 at their re-

spective coordinate systems S1 and S2 as

r1 = E
1

1 + m12
= E

1

1 + 1
g′

1(α)

r2 = E − r(1)
1

r1x = −r1 sin(α − αmin)

r1y = +r1 cos(α − αmin)

r2x = −r2 sin(β − βmin)

r2y = −r2 cos(β − βmin)

(8) Functions ψ(α) and g1(α) allow us to determine the centrodes σ
(2)
1 and σ

(2)
2 at

their respective coordinate systems S3 and S4 as

r3 = E
1

1 + m34
= E

1

1 + g′
1(α)

ψ ′(α)

r4 = E − r(2)
1

r3x = −r3 sin(β − βmin)

r3y = −r3 cos(β − βmin)

r4x = −r4 sin(ψ − ψmin)

r4y = +r4 cos(ψ − ψmin)

Figure 10.1.2(a) shows the two pairs of centrodes, and Fig. 10.1.2(b) shows the gen-
erated functions g1(α) and ψ(α).

10.5 Design of Multigear Drive

10.5.1 Basic Equations

A multigear drive based on n pairs of noncircular gears must be designed for gener-
ation of a given function ψ(α). Here, α is the angle of rotation of centrode 1, of pair
1, and ψ is the angle of rotation of driven centrode of pair n.
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Functional (10.4.2) is used for generation of the given function ψ(α). The goal
of this section is determination of functions gk(α) (see Eq. (10.4.2)) generated by
each pair k, k = 1, . . . , n, in the form

gk = gk(gk−1, ψ(α), ψ ′(α)) (10.5.1)

Here, gk is the angle of rotation of driven centrode 2k and gk−1 is the angle of rota-
tion of centrode 2k − 1 (the driving one). In the case that k = 1, gk−1 = g0 = α is the
angle of rotation of centrode 1.

The procedure is as follows:

(1) Differentiation of Functional (10.4.2) provides that

ψ ′(α) = g′
n(gn−1) · g′

n−1(gn−2) · . . . · g′
2(g1) · g′

1(α) (10.5.2)

(2) We may assume that g′
n(gn−1) ≈ g′

n−1(gn−2) ≈ . . . ≈ g′
2(g1) ≈ g′

1(α). This as-
sumption is based on the tendency of function gk toward a straight line when
n trends toward infinity. Then the following relations are observed:

g′
k(gk−1) ≈ [ψ ′(α)]1/n, k = 1, . . . , n (10.5.3)

(3) Considering now Lagrange’s theorem for each function gk(gk−1), k = 1, . . . , n,

g′
k(gk−1 + θhk) = gk(gk−1 + hk) − gk(gk−1)

hk
, 0 < θ < 1 (10.5.4)

and taking hk = gk(gk−1) − gk−1, we obtain

g′
k(gk−1 + θhk) = gk(gk−1 + gk(gk−1) − gk−1) − gk(gk−1)

gk(gk−1) − gk−1
(10.5.5)

(4) Considering Eqs. (10.5.3) and (10.5.5), we may determine gk as a function of
gk−1, gk+1, and ψ ′(α)

gk(gk(gk−1)) − gk(gk−1)
gk(gk−1) − gk−1

≈ [ψ ′(α)]1/n (10.5.6)

In this equation, gk(gk(gk−1)) ≈ gk+1(gk) so that

gk+1(gk) − gk(gk−1)
gk(gk−1) − gk−1

≈ [ψ ′(α)]1/n (10.5.7)

and finally we can determine gk(gk−1) as

gk(gk−1) ≈ gk+1(gk) + gk−1[ψ ′(α)]1/n

1 + [ψ ′(α)]1/n
(10.5.8)

(5) By observing Eq. (10.5.8) from k = 1 to k = n − 1 and considering that gn =
ψ(α) and g0 = α, the following general equation is determined:

gk(α) ≈
ψ(α) + gk−1

[∑ j=n−k
j=1 [ψ ′(α)] j/n

]
1 +∑ j=n−k

j=1 [ψ ′(α)] j/n
, k = 1, . . . , n − 1 (10.5.9)
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10.5.2 Design of Centrodes

Design of the centrodes of noncircular gears requires determination of the gear ratio
for each pair k (k = 1, . . . , n) as

m2k−1,2k = dgk−1

dgk
= g′

k−1(α)

g′
k(α)

, k = 1, . . . , n (10.5.10)

Polar vectors are then obtained as

r2k−1 = E
1

1 + m2k−1,2k
, k = 1, . . . , n (10.5.11)

r2k = E − r2k−1, k = 1, . . . , n (10.5.12)

Here, E is the center distance.

NUMERICAL EXAMPLE 10.5.1: GENERATION OF FUNCTION z = ln u, 1 < u < 100 BY A GEAR

DRIVE WITH n = 3 PAIRS OF NONCIRCULAR GEARS. The procedure for determination
of the six centrodes is as follows:

(1) The functional

ψ(α) = g3(g2(g1(α))) (10.5.13)

is formed by three functions generated by three pairs of centrodes. Centrodes
σ

(1)
1 and σ

(1)
2 provide function g1(α), centrodes σ

(2)
1 and σ

(2)
2 provide function

g2(α), and centrodes σ
(3)
1 and σ

(3)
2 provide function g3(α) (see Fig. 10.5.1). The

centrodes are unclosed curves and the maximal angles of rotation of all six cen-
trodes are equal and of 10π/6 radians.

(2) Angle of rotation of centrode σ
(1)
1 is proportional to variable u, whereas angle

of rotation of centrode σ
(3)
2 is proportional to variable z:

α = k1(u − umin) + αmin = k1(u − 1) (10.5.14)

ψ = k2(ln u − ln umin) + ψmin = k2 ln u (10.5.15)

Here, αmin = 0 and ψmin = 0.
(3) Coefficients k1 and k2 are determined as

k1 = αmax − αmin

umax − umin
= 10π/6

100 − 1

k2 = ψmax − ψmin

ln umax − ln umin
= 10π/6

ln 100 − ln 1
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Figure 10.5.1. Schematic illustration of generation of function ψ(α) = g3(g2(g1(α))) by three
pairs of noncircular gears that generate respectively β = g1(α), δ = g2(α), and ψ = g3(α).

(4) Function ψ(α) is then derived as

ψ(α) = k2

[
ln
(

α

k1
+ 1

)
− ln 1

]
(10.5.16)

(5) Function g1(α) ≡ β is determined by application of Eq. (10.5.9) with k = 1 and
n = 3,

g1(α) = ψ(α) + α[ψ ′(α)]1/3 + α[ψ ′(α)]2/3

1 + [ψ ′(α)]1/3 + [ψ ′(α)]2/3
(10.5.17)

wherein

ψ ′(α) = k2

α + k1
(10.5.18)

(6) Function g2(α) ≡ δ is determined by application of Eq. (10.5.9) with k = 2 and
n = 3,

g2(α) = ψ(α) + g1(α)[ψ ′(α)]1/3

1 + [ψ ′(α)]1/3
(10.5.19)
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(7) Centrodes σ
(1)
1 and σ

(1)
2 are determined in their coordinate systems S1 and S2 as

r1(α) = E
1

1 + m12(α)
= E

1

1 + 1
g′

1(α)

r2(g1(α)) = E − r1(α)

r1x = −r1 sin(α − αmin)

r1y = +r1 cos(α − αmin)

r2x = −r2 sin(g1(α) − g1(αmin))

r2y = −r2 cos(g1(α) − g1(αmin))

(8) Centrodes σ
(2)
1 and σ

(2)
2 are determined in their coordinate systems S3 and S4 as

r3(g1(α)) = E
1

1 + m34(g1(α))
= E

1

1 + g′
1(α)

g′
2(α)

r4(g2(g1(α))) = E − r3(g1(α))

(10.5.20)

r3x = −r3 sin(g1(α) − g1(αmin))

r3y = −r3 cos(g1(α) − g1(αmin))

r4x = −r4 sin(g2(g1(α)) − g2(g1(αmin)))

r4y = +r4 cos(g2(g1(α)) − g2(g1(αmin)))

(9) Centrodes σ
(3)
1 and σ

(3)
2 are determined in their coordinate systems S5 and S6 as

r5(g2(g1(α))) = E
1

1 + m56(g2(g1(α)))
= E

1

1 + g′
2(α)

ψ ′(α)

r6(ψ) = E − r5(g2(g1(α)))

r5x = −r5 sin(g2(g1(α)) − g2(g1(αmin)))

r5y = +r5 cos(g2(g1(α)) − g2(g1(αmin)))

r6x = −r6 sin(ψ(α) − ψ(αmin))

r6y = −r6 cos(ψ(α) − ψ(αmin))

Figure 10.1.4(b) shows the generated functions g1(α) ≡ β(α), g2(α) ≡ δ(α), and
g3(α) ≡ ψ(α).

Figures 10.1.1, 10.1.2, and 10.1.4, show the influence of the number of the ap-
plied gear drives on the shape of centrodes. The main factor of the influence is the
derivative of transmission function (Fig. 10.1.3).
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10.6 Design of Planar Linkages Coupled with Noncircular Gears

This section covers the following examples of synthesis of mechanisms:

(i) Generation of a function by a double-crank linkage coupled with two pairs of
noncircular gears (Section 10.6.1).

(ii) Tandem design of a crank-slider linkage coupled with modified elliptical gears
(Section 10.6.2).

(iii) Tandem design of a Scotch-Yoke mechanism coupled with noncircular and cir-
cular gears (Section 10.6.3).

(iv) Tandem design of mechanism formed by two pairs of noncircular gears and
racks (Section 10.6.4).

The combination of a planar linkage with noncircular gears is very useful for
variation of output speed variation (Sections 10.6.2 and 10.6.3). However, in the case
of generation of functions, the preferable design should be based on application of
multigear drives formed by noncircular gears, but not a tandem design of a planar
linkage with noncircular gears.

The disadvantage of the previously mentioned case (i) (wherein a planar link-
age is coupled with noncircular gears for function generation) is the result of the
substantial difference of the number of design parameters with respect to the de-
sign of multigear drives formed by noncircular gears, wherein the number of design
parameter is much greater.

Apart of mechanisms represented in Sections 10.6.1 to 10.6.3, the mechanism
formed by two pairs of racks and noncircular gears (Section 10.6.4) can be applied
for variation of output speed and function generation. Application of two pairs of
racks and noncircular gear allows obtaining larger magnitude of translational mo-
tion.

10.6.1 Tandem Design of Double-Crank Mechanism Coupled with Two
Pairs of Noncircular Gears

The limited number of design parameters of a four-bar linkage causes a handicap
when a given function is required to be provided. In this sense, tandem design of the
linkage with noncircular gears is helpful for reducing of the differences between the
desired function and the governing function of the linkage (see numerical example
later).

NUMERICAL EXAMPLE 10.6.1: APPROXIMATE GENERATION OF FUNCTION z = ln u, 1 < u <

10, BY A FOUR-BAR LINKAGE AND TWO PAIRS OF NONCIRCULAR GEARS. Function
z = ln u, 1 < u < 10, is considered to be obtained through a tandem design based
on two pairs of noncircular gears and a four-bar double-crank linkage. The applied
functional is represented by ψ(α) = g3(g2(g1(α))), but the functional to be obtained
is ψ∗(α) = g∗

3(g2(g1(α))), wherein function g∗
3 must be generated by a four-bar
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linkage instead of function g3, and functions g1 and g2 will be generated by two
pairs of noncircular gears.

Rotation α is proportional to independent variable u by application of coeffi-
cient k1:

α = k1(u − umin) + αmin (10.6.1)

Rotation ψ is proportional to dependent variable z by application of coefficient k2:

ψ = k2(z(u) − z(umin)) + ψmin (10.6.2)

Function ψ(α) is then derived as

ψ(α) = k2

[
ln
(

α − αmin

k1
+ umin

)
− ln umin

]
+ ψmin (10.6.3)

The intervals of rotations are chosen as

αmin = 0; αmax = 11π/6; ψmin = −2π/6; ψmax = 8π/6

and provide coefficients k1 and k2:

k1 = αmax − αmin

umax − umin
= 11π/6 − 0

10 − 1

k2 = ψmax − ψmin

zmax − zmin
= 8π/6 − (−2π/6)

ln 10 − ln 1

Function g1(α) ≡ β(α) is derived as

g1(α) ≡ β(α) = ψ(α) + α[ψ ′(α)]1/3 + α[ψ ′(α)]2/3

1 + [ψ ′(α)]1/3 + [ψ ′(α)]2/3
(10.6.4)

wherein ψ ′(α) is given as

ψ ′(α) = k2

α − αmin + umink1
(10.6.5)

Function g2(α) ≡ δ(α) is given as

g2(α) ≡ δ(α) = ψ(α) + g1(α)[ψ ′(α)]1/3

1 + [ψ ′(α)]1/3
(10.6.6)

For the synthesis of the linkage, three points of the function g3 ≡ ψ(θ)
are considered, taking into account the roots of Chebyshev’s polynomial
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(Chebyshev, 1955):

α1 = αmax + αmin

2
− αmax − αmin

2
cos

π

6

α2 = αmax + αmin

2

α3 = αmax + αmin

2
− αmax − αmin

2
cos

5π

6

θ1 = g2(g1(α1))

θ2 = g2(g1(α2))

θ3 = g2(g1(α3))

ψ1 = ψ(α1) = k2

[
ln
(

α1

k1
+ 1

)
− ln 1

]
− 2π/6

ψ2 = ψ(α2) = k2

[
ln
(

α2

k1
+ 1

)
− ln 1

]
− 2π/6

ψ3 = ψ(α3) = k2

[
ln
(

α3

k1
+ 1

)
− ln 1

]
− 2π/6

Considering the governing equation of the linkage

h(θ, ψ∗, L2, L3, L4) = 0

wherein L2, L3, L4 are the lengths of the three bars (L1 is considered equal to 1), a
system of three equations and three unknowns may be stated (Waldron & Kinzel,
2004):

h1(θ1, ψ
∗
1 , L2, L3, L4) = 0

h2(θ2, ψ
∗
2 , L2, L3, L4) = 0

h3(θ3, ψ
∗
3 , L2, L3, L4) = 0

wherein ψ∗
1 = ψ1, ψ∗

2 = ψ2, ψ∗
3 = ψ3.

Solution of the system provides the lengths L2, L3, L4 as

L2 = 6.33822; L3 = 1.27937; L4 = 6.07355;

which may be scaled to any required dimension. For example, using a scale of 40,

L1 = 40.00000; L2 = 253.52880; L3 = 51.17494; L4 = 242.94184;

Solution of the governing equation provides ψ∗(θ) ≡ g∗
3 . Functions g∗

3 and g3 coin-
cide each other at points (θ1, ψ1), (θ2, ψ2), (θ3, ψ3).

The error function of the mechanism based on two pairs of noncircular gears
and one four-bar linkage may be obtained as

�ψ∗ = ψ∗(α) − ψ(α) (10.6.7)
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If we consider now that function ψ(α) must be provided by just a single four-bar
linkage and we notify the function generated by the linkage as ψ∗∗(α), the error
function is obtained as

�ψ∗∗ = ψ∗∗(α) − ψ(α) (10.6.8)

Figure 10.6.1(a) shows the two pairs of noncircular gears coupled with the link-
age at position (θ1, ψ1). Figure 10.6.1(b) shows the error functions ψ∗(α) − ψ(α) and
ψ∗∗(α) − ψ(α). The standard deviation of error function ψ∗(α) − ψ(α) is 0.0545,
whereas the standard deviation of error function ψ∗∗(α) − ψ(α) is 0.1430. The stan-
dard deviation may vary depending on chosen points (αi , ψi ), (i = 1, 2, 3); it de-
pends as well on intervals of rotations for angles α and ψ .

10.6.2 Tandem Design of Slider-Crank Mechanism Coupled with Modified
Elliptical Gears

10.6.2.1 Preliminary Information
Tandem design of the linkage means that the rotation of the crank is provided by a
pair of two modified elliptical gears with centrodes σ1 and σ2 (Fig. 10.6.2(a)). Figure
10.6.2(b) shows two functions: (i) symmetric function s(α) of slider 5 of a conven-
tional crank-slider linkage, and (ii) asymmetric function s(φ1) of the linkage coupled
with the pair of gears 1 and 2 (centrodes σ1 and σ2).

Here, s represents the instantaneous position of slider 5; α determines the in-
stantaneous position of the crank; φ1 is the current position of centrode 1 with re-
spect to the center distance O1 − O2 of the centrodes.

Function s(φ1) of slider 5 (Fig. 10.6.2(a)) corresponds to two cycles of the work
of the linkage (Fig. 10.6.2(b)): the working cycle with lower velocity of the slider,
and the free-running cycle with greater velocity. Such variation of the speed of the
slider is obtained by application of modified elliptical gears (Fig. 10.6.2(a)).

Function s(α) of a conventional crank-slider linkage with symmetric cycles (Fig.
10.6.3) is determined as

s(α) = −a cos α +
√

b2 − a2 sin2 α (10.6.9)

where a and b are the lengths of the crank and connecting rod, respectively.

10.6.2.2 Basic Ideas of Modification of Elliptical Centrodes
The modification of elliptical centrodes is illustrated with Fig. 10.6.4, which shows
modification of upper and lower branches of the modified centrode (Figs. 10.6.4(a)
and 10.6.4(b), respectively).

Position vector O1 A2 of upper modified centrode (Fig. 10.6.4(a)) is determined
as

|O1 A2| = |O1 A1|, φ1

mI
�= φ1 (10.6.10)
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Figure 10.6.1. (a) Schematic illustration of four-bar linkage coupled with two pairs of non-
circular gears for generation of function z = ln u, 1 < u < 10; (b) functions ψ∗(α) − ψ(α) and
ψ∗∗(α) − ψ(α).

where mI is the coefficient used for modification of polar angle φ1. Similarly, Fig.
10.6.4(b) shows the position vector O1 B2 of the lower branch of modified centrodes,
determined as

|O1 B2| = |O1 B1|, 2π − φ1

mI I
�= 2π − φ1 (10.6.11)
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Figure 10.6.2. (a) Illustration of crank-slider linkage coupled with modified elliptical gears;
(b) function s(α) for a conventional linkage and function s(φ1) for the linkage coupled with
modified elliptical gears.
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Figure 10.6.3. Crank-slider mechanism: (a) illustration of links 3, 4, and 5; (b) illustration of
governing function s(α).

Coefficients mI I and mI of modification of polar angles of the lower and upper
branches are related as

mI I = mI

2mI − 1
(10.6.12)

Branches σ
(I)
1 and σ

(I I)
1 are shown in Fig. 10.6.4(c).

10.6.2.3 Analytical Determination of Modified Elliptical Centrodes
The design of the elliptical centrodes is based on the application of derivative func-
tions (Fig. 10.6.5)

m(I)
21 (φ1) = 1 − e2

1 + e2 − 2e cos(mI φ1)
, 0 ≤ φ1 ≤ π

mI
(10.6.13)

m(I I)
21 (φ1) = 1 − e2

1 + e2 − 2e cos(mI I (2π − φ1))
,

π

mI
≤ φ1 ≤ 2π (10.6.14)
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Figure 10.6.4. Illustration of conventional elliptical centrode and the two branches σ
(I)
1 and

σ
(I I)
1 of the modified centrode.
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Figure 10.6.5. Illustration of asymmetric derivative functions m(i)
21 (φ1), i = I, I I .

The modified elliptical centrode σ1 of gear 1 (Fig. 10.6.2(a)) is determined with

r1(φ1) = p
1 − e cos(mI φ1)

, 0 ≤ φ1 ≤ π

mI
(10.6.15)

r1(φ1) = p
1 − e cos(mI I (2π − φ1))

,
π

mI
≤ φ1 ≤ 2π (10.6.16)

The centrode of gear 2 is determined with

r2(φ1) = E − r1(φ1) (10.6.17)

φ2(φ1) =
∫ φ1

0
m21(φ1)dφ1 (10.6.18)

10.6.2.4 Numerical Examples
Two examples of tandem design are considered with function s(φ1) shown in Fig.
10.6.2(b), and with function s(φ1) shown in Fig. 10.6.6(b).

The dimensions of the links of the crank-slider linkages for both cases of design
are a = 200 mm and b = 300 mm. For case of design 1 (Fig. 10.6.2), the parameters
of design of the elliptical centrodes are: major axis of ellipse 2a = 120 mm; eccentric-
ity e = 0.5, coefficient of modification of branch σ

(I)
1 , mI = 1.5, and center distance

E = 2a = 120 mm. For the case of design 2 (Fig. 10.6.6), link 3 of the crank-slider
linkage is mounted with an offset angle α0 with respect to the initial position of gear
2, where α0 = 2π/3.

Figure 10.6.2(a) shows the centrodes of the modified elliptical gears, and Fig.
10.6.2(b) shows functions s(α) and s(φ1) of the slider-crank linkage. Longer ap-
proach and faster return strokes are obtained. The positions of the crank and cen-
trode 2 are synchronized because α = φ2 (Fig. 10.6.2(b)).

In case of design 2 (Fig. 10.6.6(a)), there is an offset angle α0 formed by the
initial positions of crank 3 and gear 2. Such assembly affects the shape of governing
function s(φ1), as shown in Fig. 10.6.6(b).
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Figure 10.6.6. (a) Illustration of assembly of crank-slider mechanism with modified elliptical
gears; (b) function s(φ1).

10.6.3 Tandem Design of Scotch-Yoke Mechanism Coupled
with Noncircular Gears

The Scotch-Yoke mechanism in the proposed design is driven by a pair of noncircu-
lar gears 1 and 2 and two circular gears 3 and 4 (Fig. 10.6.7(a)).

The purpose of tandem design of the Scotch-Yoke mechanism (coupled with
gears) is to obtain an improved function of output velocity v7(φ1) (see Fig. 10.6.8)
with the following conditions:
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Figure 10.6.7. Composition of gear drive with Scotch-Yoke mechanism: (a) eccentric gear
drive and Scotch-Yoke mechanism at their initial positions; (b) links of Scotch-Yoke mecha-
nism and detail of related velocities.

(i) Gear 1 (Fig. 10.6.7(a)) is an eccentric involute gear and noncircular gear 2 is
conjugated to gear 1.

(ii) Gears 3 and 4 (Fig. 10.6.7(a)) are circular gears with gear ratio of 2 (ω(3)/ω(4)) =
2); gear 4 performs one revolution for two revolutions of gear 3.

(iii) Function v7(φ1) is of a period φ1 = 2π , and this is obtained by application of
circular gears 3 and 4 in addition to eccentric circular gear 1 and noncircular
gear 2.

The basic kinematic relation of the coupled mechanism is based on the drawings of
Fig. 10.6.7. Figure 10.6.7(a) shows the initial position of links at φ1 = 0.
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Figure 10.6.8. Results from application of tandem design based on an eccentric gear drive and
Scotch-Yoke mechanism: (a) velocity of the Scotch-Yoke as a function of angle of rotation of
the eccentric gear for different values of the parameter of eccentricity ε1; (b) textile ball when
ε1 = 0.1 and the shape of the textile ball is improved; and (c) textile ball for a Scotch-Yoke
mechanism without noncircular gears.

The basic kinematic relations of the velocities of the links of the mechanism are
represented by

v7 = ω5r5 sin φ5 (10.6.19)

wherein φ5 is the angle of rotation of the crank. Such a relation is a sine-type func-
tion.
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Angular velocity ω5 is determined as

ω5 = ω4 = m43ω3 = m43ω2 = m43m21(φ1)ω1 (10.6.20)

wherein m21(φ1) is determined as (see Litvin et al., 2008)

m21 = c1

c1 −
(

1 − ε2
1 sin2 φ1

) 1
2 − ε1 cos φ1

− 1 (10.6.21)

Here, c1 = E
rp1

, ε1 = e1

rp1
, wherein E is the center distance of the eccentric gear drive,

rp1 is the pitch radius of the eccentric gear, e1 is the eccentricity (see Litvin et al.,
2008).

Angle of rotation φ5 is also derived as

φ5 = φ4 = m43φ3 = m43φ2 = m43

(∫ 2π

0
m21dφ1

)
(10.6.22)

Equations (10.6.20), (10.6.21), and (10.6.22) yield

v7 = m43m21ω1r5 sin

(
m43

(∫ 2π

0
m21dφ1

))
(10.6.23)

Figure 10.6.8(a) shows the velocity function v7(φ1) for various values of param-
eter of eccentricity ε1. A flat function is obtained with ε1 ≈ 0.1. Figures 10.6.8(b)
and (c) show textile balls when ε1 = 0.1 and ε1 = 0. Figure 10.6.8(b) shows an opti-
mized solution for the volume of wrapped strap around the ball with respect to the
solution shown in Fig. 10.6.8(c).

Application of elliptical gears instead of an eccentric gear drive is also possible.
Tandem design based on two pairs of elliptical gears and a Scotch-Yoke mechanism
provides the following expression for the velocity v7:

v7 = m43m21ω1r5 sin
(

m43 · arctan
(

1 + e
1 − e

tan
φ1

2

))
(10.6.24)

wherein m21 is given by (see Litvin et al., 2007)

m21 = 1 − e2

1 + e2 − 2e cos φ1
(10.6.25)

and e is the eccentricity of the ellipse.
Figure 10.6.9 shows the velocity function for different values of the parameter

of eccentricity e1 when a tandem design based on one pair of elliptical gears and a
Scotch-Yoke mechanism is applied.

10.6.4 Tandem Design of Mechanism Formed by Two Pairs of Noncircular
Gears and Racks

The assembly of the gears and racks are shown in Figs. 10.6.10 and 10.6.11. Such
mechanisms allow us to increase the magnitude of translational motion.
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Figure 10.6.9. Velocity of the Scotch-Yoke as a function of angle of rotation of an elliptical
gear for different values of the parameter of eccentricity e1.

Figure 10.6.10. Two pairs of gears with racks 1 and 4 and noncircular gears 2 and 3.
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Figure 10.6.11. Two pairs of gears with noncircular gears 1 and 4 and racks 2 and 3.

The basic kinematic relations are obtained as follows. Figure 10.6.12(a) shows
that rotation of link 1 with angular velocity ω(1) is transformed into translation of
link 2 with linear velocity v(2). Point I of tangency of centrodes 1 and 2 is located
on line O1n that is perpendicular to x(2); point I moves along O1n in the process
of transformation of motions (Figs. 10.6.12(a) and (c)). Point I traces in coordi-
nate systems rigidly connected to links 1 and 2 centrodes σ1 and σ2 of the drive
(Figs. 10.6.12(b) and (c)).

Centrode σ1 is a polar curve (Fig. 10.6.12(b)), O1 A1 is the polar axis, and r1(φ1)
is the position vector of σ1.

Centrode σ2 is represented in coordinate system S2(x2, y2), and the position
vector r2(φ1) of σ2 is represented by two components: O2 O1 = ∫ φ1

0 ds2, and O1 I
(Fig. 10.6.12(c)) Centrodes σ1 and σ2 roll over each other in the process of mesh-
ing.

Centrode σ1 of noncircular gear is a polar curve, and the position vector r1(φ1) =
O1 I forms angle φ1 with the polar axis O1 A1. The magnitude of r1(φ1) is determined
by the ratio

r1(φ1) = v(2)

ω(1)
= ds2

dφ1
(10.6.26)

The position vector O2 I of centrode σ2 is determined as

r2(φ1) =
∫ φ1

0
ds2i2 + r1(φ1)j (10.6.27)
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Figure 10.6.12. Toward derivation meshing of noncircular gear and rack: (a) illustration of
transformation of motions; (b) centrode 1 and polar axis A1; (c) centrode 2 and coordinate
system (x2, y2).

10.6.4.1 Generation of Function
A gear drive formed by a rack and noncircular gear may be applied for generation
of function z = z(u), umin < u < umax. The angle of rotation of centrode σ1 and dis-
placement of centrode σ2 are represented as

φ1 = k1(u − umin) + φ1,min, s2 = k2[z(u) − z(umin)] + s2,min (10.6.28)

Centrode σ1 (of noncircular gear) is a polar curve (O1 A1 is the polar axis) and
is represented (Fig. 10.6.12) as

r1(u) = k2

k1
[z′(u)], φ1(u) = k1(u − umin) + φ1,min (10.6.29)
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Figure 10.6.13. For generation of function z = ln u, 1 < u < 5, by a gear drive formed by a
rack and noncircular gear.

Centrode σ2 (of the rack) is represented in coordinate system (y2, x2) as

x2(u) = k2[z(u) − z(umin)] + s2,min, y2(u) = r1(u) − r1(umin) = k2

k1
[z′(u) − z′(umin)]

(10.6.30)

Coefficients k1 and k2 are the scale ones. Centrode σ1 is usually an unclosed
curve, and the maximal angle of rotation of the noncircular gear is φ1,max < 2π .

NUMERICAL EXAMPLE 10.6.1: GENERATION OF FUNCTION z = ln u, 1 < u < 5, BY A GEAR

DRIVE FORMED BY A RACK AND NONCIRCULAR GEAR. The procedure of determination
of centrodes is as follows:

(1) Intervals of rotation for centrode σ1 and displacement for centrode σ2 are

0 < φ1 <
10π

6
(10.6.31)

0 < s2 < 50
10π

6
(10.6.32)

(2) Coefficients k1 and k2 are determined as

k1 = φ1,max − φ1,min

umax − umin
= 10π/6

5 − 1
(10.6.33)

k2 = s2,max − s2,min

ln umax − ln umin
=

50
10π

6
ln 5

(10.6.34)

(3) Applications of Eqs. (10.6.29) and (10.6.30) provide representation of centrodes
σ1 and σ2, respectively (see Fig. 10.6.13).
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Problem 11.1. Function f (x) = x, 1 ≤ x ≤ 10, to be generated by a mechanism of
noncircular gears mounted with a center distance of E = 100 mm is given. Compute
the centrodes and represent their graphs. The centrodes will be non-closed curves
wherein (φ1)max = (φ2)max = 10π/6.

According to Eqs. (2.4.6) and (2.4.7), the angles of rotation of the driving and
driven gears are

φ1 = k1(x − 1) (11.1.1)

φ2 = k2[ f (x) − f (1)] = k2[x − 1] (11.1.2)

wherein f (x) = x and f (1) = 1, according to the given function. The gear ratio is
determined as (Eq. (2.4.8))

m12(x) = dφ1

dφ2
= k1

k2 f ′(x)
= k1

k2
(11.1.3)

As mentioned previously, (φ1)max = (φ2)max = 10π

6
for x = 10, so

(φ1)max = 10π

6
= k1(10 − 1) = 9k1 (11.1.4)

and therefore

k1 = 10π

54
(11.1.5)

Similarly, constant k2 is obtained as

k2 = 10π

54
(11.1.6)

The gear ratio according to Eq. (11.1.3) is

m12(x) = dφ1

dφ2
= k1

k2
= 1 (11.1.7)

as expected for generation of the lineal function f (x) = x.

188
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Figure 11.1.1. Centrodes of gears generating function
f (x) = x.

Centrode 1 is determined by

r1(φ1) = E
1 + m12(φ1)

= E
2

(11.1.8)

which corresponds to a circle of constant radius E/2. Centrode 2 is determined by

r2(φ1) = E
m12(φ1)

1 + m12(φ1)
= E

1
2

= E
2

(11.1.9)

which also corresponds to a circle of constant radius E/2. The rotation angles of
gear 2 and 1 are determined by

φ2(φ1) =
∫ φ1

0

dφ1

1
=
∫ φ1

0
dφ1 = φ1 (11.1.10)

The centrodes corresponding to generation of function f (x) = x are repre-
sented by Fig. 11.1.1.

Problem 11.2. Function f (x) = x2, 1 ≤ x ≤ 10, to be generated by a mechanism
of noncircular gears is given. Compute the centrodes and represent their graphs
for the same conditions that for Problem 11.1, wherein E = 100 mm and (φ1)max =
(φ2)max = 10π/6.
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The angles of rotation of the driving and driven gears are

φ1 = k1(x − 1) (11.2.1)

φ2 = k2[x2 − 1] (11.2.2)

wherein f (x) = x2 and f (x1) = 1.

According to the conditions of the problem, (φ1)max = (φ2)max = 10π

6
for x =

10, so

(φ1)max = 10π

6
= k1(10 − 1) = 9k1 (11.2.3)

and therefore

k1 = 10π

6 · 9
(11.2.4)

Similarly,

(φ2)max = 10π

6
= k2(102 − 1) = k1 · 99 (11.2.5)

and therefore

k2 = 10π

6 · 99
(11.2.6)

The gear ratio is given by

m12(x) = dφ1

dφ2
= k1

k2 f ′(x)
= k1

2k2x
(11.2.7)

From Eq. (11.2.1)

x = φ1

k1
+ 1 (11.2.8)

so that the gear ratio may be expressed by a function of φ1 as

m12(φ) = dφ1

dφ2
= k1

2k2x
= k2

1

2k1k2 + 2k2φ1
= k2

1

2k2(k1 + φ1)
(11.2.9)

Centrode 1 is determined as

r1(φ1) = E
1 + m12(φ1)

(11.2.10)

where m12(φ1) is determined by Eq. (11.2.9). Centrode 2 is determined as

r2(φ1) = E
m12(φ1)

1 + m12(φ1)
(11.2.11)

The rotation angles of gear 2 and 1 are related by

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
=
∫ φ1

0

2k2x
k1

dφ1 =
∫ φ1

0

2k2

(
φ1
k1

+ 1
)

k1
dφ1 = k2φ1(φ1 + 2k1)

k2
1

(11.2.12)



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

Additional Numerical Problems 191

Figure 11.2.1. Centrodes of gears generating function
f (x) = x2.

The centrodes corresponding to generation of function f (x) = x2 are repre-
sented in Fig. 11.2.1.

Problem 11.3. Derive the centrodes for generation of function

tan
(

φ2

2

)
=
(

1 − e
1 + e

)
tan

(
φ1

2

)

Consider φ1max = φ2max = 2π and E = 100 mm.

According to Section 2.4, we meet the conditions of Case 1 wherein the deriva-
tive function m12(φ1) = dφ1/dφ2 and the center distance of the gear drive with non-
circular gears are given or known. The to-be-generated function is transformed into

φ2 = 2 arctan
[(

1 − e
1 + e

)
tan

(
φ1

2

)]
(11.3.1)

allowing further derivations.
The derivative dφ2/dφ1 must be determined toward determination of the

derivative function m12(φ1)

dφ2

dφ1
= 1 − e2

1 + e2 + 2 e cos φ1
(11.3.2)
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Figure 11.3.1. Centrodes of noncircular
gears generating the function tan

(
φ2
2

) =(
1−e
1+e

)
tan

(
φ1
2

)
for two cases of design: (a)

e = 0.4 and (b) e = 0.8, wherein E = 100
mm.

and therefore

m12(φ1) = dφ1

dφ2
= 1 + e2 + 2 e cos φ1

1 − e2
(11.3.3)

Centrode σ1 is determined by

r1(φ1) = E
1 + m12(φ1)

(11.3.4)

Centrode σ2 is determined by

r2(φ1) = E
m12(φ1)

1 + m12(φ1)
(11.3.5)

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
= 2 arctan

[(
1 − e
1 + e

)
tan

(
φ1

2

)]
(11.3.6)

Figure 11.3.1 shows the centrodes of noncircular gears generating the function
tan

(
φ2
2

) = ( 1−e
1+e

)
tan

(
φ1
2

)
for two cases of design wherein the eccentricity of the el-

lipse is (a) e = 0.4 and (b) e = 0.8. For all cases of design, a center distance E = 100
mm has been considered.

Problem 11.4. Derive the centrodes for generation of the function

φ2 = bφ1 − a cos φ1
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Figure 11.4.1. Centrodes of noncircular gears generating
the function φ2 = bφ1 − a cos φ1 wherein b/a = 1.8, a =
1/1.8, and E = 100 mm.

Choose b/a = 1.8 and determine a for providing a closed centrode for gear 2.

Solution:

dφ2

dφ1
= b + a sin φ1 (11.4.1)

m12(φ1) = dφ1

dφ2
= 1

b + a sin φ1
(11.4.2)

r1(φ1) = E
1 + m12(φ1)

, r2(φ1) = E
m12(φ1)

1 + m12(φ1)
(11.4.3)

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
= a + bφ1 − a cos φ1 (11.4.4)

Equation (11.4.4), considering the conditions of design of centrodes as closed
form curves (Section 2.6), yields

φ2 = 2π =
∫ 2π

0

dφ1

m12(φ1)
= a + 2πb − a = 2πb (11.4.5)

Therefore, to obtain a closed form centrode, b = 1, and according to the problem
condition b/a = 1.8, we obtain a = 1/1.8. The centrodes of gear 1 and gear 2 are
represented in Fig. 11.4.1.



P1: JZP

cuus681-driver CUUS681/Litvin 978 0 521 76170 3 July 22, 2009 17:39

194 Additional Numerical Problems

Problem 11.5. Following functions are given:

(a)
dφ2

dφ1
= a + b cos φ1

(b)
dφ2

dφ1
= 1

a + b cos φ1

Determine the centrodes of the respective noncircular gears that will generate such
functions, and obtain the relation between parameters a and b to obtain closed cen-
trodes for gear 1 and 2. Consider the center distance E = 100 mm.

For function (a), the gear ratio is given by

m12(φ1) = dφ1

dφ2
= 1

a + b cos φ1
(11.5.1)

The relation between the angles of rotation of gear 1 and gear 2 is given by

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
= a φ1 + b sin φ1 (11.5.2)

Equation (11.5.2), for φ1 = 2π , φ2 = 2π , is the condition of obtaining a closed
centrode for gear 2. Equation (11.5.2) with φ1 = φ2 = 2π yields a = 1.0. The shape
of the centrodes depends on parameter b. Figure 11.5.1 shows centrodes for differ-
ent values of parameter b.

We consider as well generation of φ2 = aφ1 − b sin φ1. The difference with re-
spect to generation of φ2 = aφ1 + b sin φ1 is just the position of the polar axis that is
turned an angle of 180◦ (see Fig. 11.5.2).

For function (b), the gear ratio is given by

m12(φ1) = dφ1

dφ2
= a + b cos φ1 (11.5.3)

The relation between the angles of rotation of gear 1 and gear 2 is given by

φ2(φ1) =
∫ φ1

0

dφ1

m12(φ1)
=
∫ φ1

0

dφ1

a + b cos φ1
(11.5.4)

The solution of the integral in Eq. (11.5.4), (see Dwight, 1961) is

φ2(φ1) =
∫

dφ1

a + b cos φ1
= 2√

a2 − b2
arctan

(a − b) tan φ1
2√

(a2 − b2)
, a2 > b2 (11.5.5)

The conditions to obtain a closed centrode for gear 2 are a2 > b2 and a2 − b2 = 1.0.
The function represented in Problem 11.3 is a particular case of function (b)

wherein parameter a = (1 + e2)/(1 − e2) and parameter b = 2e/(1 − e2). Figure
11.5.3 shows the centrodes generating function (b) for different values of param-
eter b, observing for all cases that a = √

1 + b2.

Problem 11.6. For the same conditions of Problem 11.2, determine the curvatures
of centrodes 1 and 2 and determine the condition of convexity of centrode 2. In case
of obtaining a nonconvex centrode, determine the conditions of avoiding it.
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Figure 11.5.1. Centrodes of noncircular gears generating the function φ2 = aφ1 + b sin φ1 for
different values of parameter b, wherein a = 1.0 and center distance is E = 100 mm.
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Figure 11.5.2. Centrodes of noncircular gears generating the function (a) φ2 = aφ1 + b sin φ1

and (b) φ2 = aφ1 − b sin φ1, wherein a = 1.0 and b = 0.6, and center distance is E = 100 mm.

The centrodes of the noncircular gears generating the function f (x) = x2 are
represented in Fig. 11.6.1(a). It may be observed that a small part of centrode 2
does not observe the condition of convexity.

The condition of convexity of centrodes is determined by observation of follow-
ing conditions:

(i) For centrode 1 as

h1(φ1) = 1 + m12(φ1) + m′′
12(φ1) ≥ 0 (11.6.1)

(ii) For centrode 2 as

h2(φ1) = 1 + m12(φ1) + [m′
12(φ1)]2 − m12(φ1)m′′

12(φ1) ≥ 0 (11.6.2)

The conditions of convexity of centrode 2 as a function of φ2 are represented
in Fig. 11.6.1(b). The conditions of convexity for centrode 2 are not observed from
φ2 = 0 to φ2 = 0.217 rad. Centrode 2 is concave for the mentioned interval of φ2.

The curvatures of centrode 1 and 2 are represented in Figs. 11.6.1(c) and (d) as
functions of φ1 and φ2, respectively. Figure 11.6.1(d) shows the following:

(i) The curvature changes its sign, and therefore centrode 2 has a point with curva-
ture equal to zero.

(ii) The centrode at such a point changes its shape from concave to convex.
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Figure 11.5.3. Centrodes of noncircular gears generating the function φ2 = 1/(aφ1 + b sin φ1)
for different values of parameter b and center distance E = 100 mm, wherein parameter a =√

1 + b2.
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Figure 11.6.1. (a) Centrodes of noncircular gears generating function z = u2; (b) representa-
tion of condition of concavity of centrode 2 according to Eq. (11.6.2); (c) curvature of cen-
trode 1 as a function of φ1; (d) curvature of centrode 2 as a function of φ2.

Figure 11.6.1(b) shows that the condition of convexity equal to zero is obtained
for φ2 = 0.217 rad. This condition coincides as well with the point wherein the cur-
vature of centrode 2 changes its sign, represented by Fig. 11.6.1(b).

To avoid the area of concavity of centrode 2, three approaches may be
applied:

(a) Change the interval of definition of function z = u2. Currently, the interval 1 ≤
u ≤ 10 is applied. By application of theory in Sections 2.8 and 2.9, it is observed
that for the interval 1 ≤ u ≤ 4.62, both centrodes 1 and 2 observe the conditions
of convexity (Fig. 11.6.2(a))

(b) By extension of maximum angles of rotation of centrodes 1 and 2. For φ1max =
25π/4 and φ2max = 25π/4, centrode 2 observes the condition of convexity (Fig.
11.6.2(b))

(c) Using more than one pair of noncircular gears (see Section 10.5).
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Figure 11.6.2. (a) Centrodes of noncircular gears generating function z = u2 and observing
the condition of convexity for both centrodes: (a) 0 ≤ u ≤ 4.62, φ1max = 10π/6, and φ2max =
10π/6; (b) 0 ≤ u ≤ 10, φ1max = 25π/4, and φ2max = 25π/4.

Figure 11.7.1. Centrodes generating the function φ2 = aφ1 + b sin φ1, wherein a = 1.0 and
b = 0.6, for the following cases of design: (a) n = 1, (b) n = 2, (c) and n = 3 being n the
number of revolutions of centrode 1 for one revolution of centrode 2.

199
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Problem 11.7. Determine the centrodes generating the function φ2 = aφ1 + bsin φ1,
wherein a = 1.0 and b = 0.6 (see Fig. 11.5.2), for the following cases of design:
(a) n = 1, (b) n = 2, and (c) n = 3 being n the number of revolutions of centrode 1
for 1 revolution of centrode 2.

The centrodes to-be-determined are represented in Fig. 11.7.1.
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Applications (of noncircular gears)
crank-slider mechanism, with a, 10, 11, 13,

174–176, 178, 180
heavy-press machines, in, 10
Maltese cross mechanism, with a, 7, 8
rice planting machines, in, 6
Scotch-Yoke mechanism, with a, 6, 11, 14, 15,

180–183
Tandem design with mechanisms, in, 6, 11, 13,

15, 53, 171–178, 180–187
Axial generation, 133

Base circle, 17, 33
Bopp and Reuther’s approach, 1, 9

Carrier (of planetary gear train), 138, 154
Center distance, derivation of, 26, 27, 44, 56
Centrode convexity, 30, 97, 98
Centrodes

as closed form curves, 24, 25, 27, 118, 124
definition of, 18
derivation of, 21, 22, 188–200
determination of, 18, 20, 25, 188–200
length of, 51

Centrodes, types of
Closed, 4
Conventional elliptical, 43
Eccentric circular, 94, 95
Modified elliptical, 43, 53, 54
Non-closed, 4, 5
Oval, 43, 57, 60
With lobes, 43, 60

Chordal distance, 40
Convexity, condition of, 30, 97, 98
Crank-slider mechanism, 10, 13, 171–180
Curvature of centrodes, 16, 27, 96–98
Curvature radius, 29, 36, 47
Cutting machine, 4, 5

Derivative function, 21, 22, 44, 46
Differential, 153, 154
Double enveloping process, 82

Eccentric involute gears, 6, 7, 94, 95
Eccentricity (of an ellipse), 25, 40
Ellipse parameters, 40
Elliptical gears, 40

Conventional, 45
External, 43
Helical, 4, 6, 71, 92
Modified, 11, 13, 53
Planar, 71, 90, 91

Enveloping methods (of generation), 1, 4
Equation of meshing, 17, 71, 76–78, 80, 84–86, 88,

90, 103, 111
Evolute, determination of, 33–36
Evolute, of tooth profile, 17, 31–33
Examples of design

Avoidance undercutting internal gears,
136, 137

Generation of functions, 164, 165, 168, 169
Helical elliptical gears, 92
Internal noncircular gears, 118
Planar elliptical gears, 90

Fellow’s approach, 1
Final increment of function, 161
Focus (of an ellipse), 40–43
Function generation, 147, 152–155, 164, 165
Function of transmission errors, 112
Functional

approximate solution, 163
computational procedure, 163

Functional (of a multigear drive), 156, 161,
162

Functional (of elliptical centrodes), 66

Generation methods
by hob, 79, 105–112
by master gears, 1
by rack cutter, 1, 3, 71
by shaper, 86, 101–104

Generation of eccentric gears, 101
by hob, 105–112
by shaper, 101–104
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Generation of elliptical gears, 71
by hob, 79–86
by rack cutter, 71–78
by shaper, 86–89

Generation of functions, 147, 152–155, 164, 165
examples, 154, 164, 165, 168, 169, 187
with varied sign, 153

Geneva mechanism, 7

Identity, of mating centrodes, 17
Instantaneous center of rotation, 117
Interference, 126, 132
Internal gears

center distance, 119
centrodes, 116–118
derivative function, 115, 119
generation by shaper, 126
transmission function, 119

Internal gears (with eccentric circular pinion)
centrodes, 123–125
derivative function, 124

Internal gears (with oval pinion)
center distance, 123
centrodes, 121, 123
transmission function, 123

Internal noncircular gears, 115
Involute, of tooth profile, 17, 31–33

Lagrange’s theorem, 160, 161
Lobes, gear with, 11, 12, 60, 61, 63
Local representation, 37, 47
Localization (of bearing contact), 112
Longitudinal crowning, 112

Matrix derivation (of equation of meshing), 17,
77, 84, 88, 103, 110

Mean Value Theorem, 160
Modified elliptical centrode (derivation), 55, 174,

177–179
Modified elliptical gears, 11, 13, 53
Modified internal elliptical gears

center distance, 121
centrodes, 120
derivative function, 120
transmission function, 121

Monotonic (function), 152
Multigear drive, 12, 14, 147, 148, 156, 166

assembly, 158

basic functionals, 156
centrodes, 148, 158, 159, 168
design of, 166–168
transmission function, 148

Output velocity variation, 6, 11, 53, 115
Oval gears, 9, 11, 57

Path of contact, 112
Periodic function, 118
Planetary gear train

Elliptical gears, with, 139
transmission function, 140

Planetary gear trains, 138–141
Polar angle, 23
Polar axis, 21, 22, 28
Polar curve, 21, 27, 28

tangent to, 22, 23
Polar equation (of an ellipse), 41–43
Pressure angle, 37–39, 47–49
Profile crowning, 112

Rack cutter generating surfaces, 75
Rack, in mesh with, 143

centrodes, 144
function generation, for, 144

Relative angular velocity, 115
Rolling motion algorithm, 71–73

Satellites (of planetary gear train), 138,
154

Scotch-Yoke mechanism, 6, 11, 14, 180–183
Shaper involute profile, 128, 129

Tandem design, 6, 11, 13, 15, 53, 147, 171–178,
180–187

double-crank mechanism, with, 171–174
racks, with, 183–187
Scotch-Yoke Mechanism, with, 180–184
slider-crank mechanism, with, 174–179

Tooth contact analysis (TCA), 112
Tooth number, determination of, 51, 136
Transmission errors, 114
Transmission function, 27, 44, 46, 65, 66, 112

Undercutting, avoidance of, 16, 17, 47, 48,
99–101, 126

internal noncircular gears, of, 132, 133
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